
 
Abstract—A bi-level modeling for traffic lights optimization

is presented in the paper. The bi-level modeling allows increas-

ing the set of control influences, the number of constraints and

applies two goal functions in hierarchical  order.  The bi-level

formalism allows integration of small optimization problems in

hierarchical  order  to  a  complex  interconnected  and  compli-

cated optimization problem. These features have been applied

for optimal control of traffic lights in urban network. The bi-

level problem formulation allows to minimize the queue lengths

of vehicles and to maximize the outgoing flows from arterial di-

rections.  Both control  influences of  the green light  durations

and time cycles are evaluated as optimal bi-level control influ-

ences.

I. INTRODUCTION

RAFFIC congestion in urban networks is an everyday

problem, which has negative influences on many human

and society activities. The traffic congestions result in queu-

ing of vehicles in urban crossroad sections and generate ex-

cessive  delays,  increasing  pollution,  degradation  of  infra-

structure.  The congestion events can be changed by modify-

ing the urban infrastructure. But it is easy to conclude that

such “off line” management of a transportation system will

not give reasonable results in time.

T

That is why from control point of view the management

of the traffic behavior with on-line strategies, adapting the

control influences to dynamical urban behavior is the most

appropriate solution. The application of traffic lights control

at intersections is power solution to reduce the bottlenecks

on the network. Such traffic lights control is a competitive

strategy, which improves the traffic mobility [1]. This opti-

mization allows decreasing the travel time, reducing the fuel

consumptions, traffic emissions, and noise. The optimization

of the traffic  lights duration is regarded as power tool for

regulation the traffic flows at the intersections.

The control influences on the traffic conditions are not so

many: duration of the green lights and/or the split of the cy-

cle; the cycle duration, which concerns the time for all lights

including green, red and amber one; the phase between the

traffic  lights  on  sequential  road  intersections.  These  three

types of control influences must be evaluated as solutions of
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appropriate  control  problem,  which  considers  the  current

traffic  state  on  urban  intersections.  The  evaluation  of  the

values  of  these  control  parameters  can  resolve  problems

like:

- Traffic congestion: reducing oversaturation at intersec-

tions;

- Traffic  fluctuations:  change of the current plan of the

traffic lights to respond to considerable change of traffic

intensity;

- Change  of  urban  infrastructure  due  to  road  accident,

closed street for human events, redirection of heavy ve-

hicles. 

A control problem, which optimizes only one isolated in-

tersection cannot avoid the generation of bottlenecks.  The

congestions do not allow the transport to use the urban ca-

pacity because the overall traffic  system degrades and the

car motion is restricted on the overall urban network. Hence,

the traffic light control has to be implemented on a network

infrastructure and respectively to be applied control  influ-

ences both with traffic lights, cycle durations and phase/time

delays between the green lights achieving ‘green waves’ on

important directions

Obviously,  the definition  of  such  complex  optimization

problem, where the transportation network comprises many

intersections  will  generate  high  dimensions  of  the control

problem and computational requirements will arise for real

time  solutions.  Additionally,  the  increase  of  the  control

space  will  make  the  control  problem  also  non-linear  and

hard for analytical definition.

The  approach  which  is  applied  in  this  research  is  the

integration  and  interconnection  of  small  optimization

problems in hierarchical  order  by means  to  define  and to

solve  more  complex  control  problem  for  traffic

optimization. The small optimization problem has only one

type of control influence: traffic lights green light duration

or cycle duration. But making integration of these problems

in hierarchical order the complicated one will have extended

control  space  containing  both  types  of  control  influences.

This  research  targets  the  development  of  optimal  control

strategy,  which  implements  simultaneously  in  optimal

manner both types of control influences: the duration of the
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green lights and the duration of the traffic lights cycle. Such 

control problem has power to change the traffic behavior 

with extended set of control parameters, which is a benefit 

for these control processes. Such increase of the control 

space in this research is achieved by integration of control 

problem in a bi-level hierarchical procedure. The bi-level 
approach is implemented for the definition of a complex 

optimization problem [4, 18]. The problem is applied for the 

traffic optimization on arterial urban network in town of 

Sofia. The numerical simulations give advantages to the bi-

level optimal control of the traffic lights and cycles in the 

urban transportation network in Sofia. A self-adaptive traffic 

signal control system adjusting the signal timing parameters 

in real time is considered.   

 

 

II. OPTIMAL CONTROL OF THE TRAFFIC LIGHTS ON 

INTERSECTION 

The design of the traffic lights stages at isolated 

intersection is standardized in industrial countries [2], [3]. 

For analytical overview about traffic signal control one can 

refer to [4]. The current practice of the application of the 

traffic engineering and traffic signals is presented in [5], [6]. 
A review of traffic control strategies, which are applied 

frequently in traffic systems are analyzed in [7], [8]. The 

optimization of the traffic signals under specific 

requirements is considered in [9]. A self-adaptive traffic 

control system, adjusting the signal timing parameters in real 

time is considered in [10]. This paper does not present 

formal definition of the optimization problem. Only the 

traffic lights are evaluated on procedural way. The cycle of 

timing is not considered as optimal problem solution. 

Model predictive approach is also used in urban traffic 

management [11]. Store–and-forward modeling is applied 
and minimization of queue lengths in front of the 

intersection is performed. The duration of the green lights is 

estimated and controlled by simulation environment. The 

cycle duration and offset are not taken into consideration. 

The store-and-forward modeling was applied for 

definition of optimal control problem in [12]. The solution 

of the problem gives plans only for the traffic lights.  

Requirements towards public transport by optimization 

of traffic signals are considered in [13], [14]. Optimal signal 

settings are calculated only for the traffic lights. Simulation 

tools are also used for optimization of traffic lights [15]. 

Meta heuristics algorithms are also applied for 
intersection control [16].  

All these methods try to solve optimization problem with 

objective value the traffic lights cycle duration or the green 

light duration that represent one-criterion optimization 

problem. But the formalism in optimization theory moves to 

the definition of more complex problems, based on 

hierarchical system theory. Hierarchically interconnected 

optimization problems allow to be extended the space of the 

control influences and parameters. Because the solution of 

such problems is quite complex, mainly the bi-level 

formalism is used for transportation problems. 

III.  APPLICATION OF BI-LEVEL OPTIMIZATION IN 

TRANSPORTATION 

The bi-level approach is based on hierarchical integration 

of both optimization problems. The bi-level problems 

appeared firstly in game theory concerning the behavior and 

negotiations between leader and follower. Up to date 

bibliographical reviews about the bi-level and multilevel 

programming one can find in [17], [18]. The formal 

definition of a bi-level optimization problem is  

                             (1) 

                              
  

    ,     ,  F, f – scalar functions, g – set of constraints. 

The solution of bi-level optimization is not an easy task, 

however it exists a tendency for its intensive application in 

different transportation problems.  

In [19] goods must be transported and distributed from m 

sources to n destinations.  But the transportation is divided 
hierarchically on several layers, which makes different 

priority to each destination. The bi-level objectives insist 

minimization of shipment time at each hierarchical level. 

In [20]   is defined a logistic bi-level problem. It concerns 

the distribution of a set of logistics centers and customer 

transportation costs. The lower optimization problem 

minimizes the customer costs together with satisfying their 

demands. The upper problem minimizes the cost of 

establishing the logistics centers.  

A bi-level formalism is also used in public transportation 

[21]. It has been optimized the time interval between buses, 

considering the capacity of each bus. The user choice of 
routes is kept as low level problem.  The bi-level 

transportation problem on upper level minimizes the travel 

costs, and on the lower level bus transportation scheme is 

considered [22]. 

Application of bi-level optimization in the domain of 

transportation policies one can find also in [23];  for network 

transportation - in [24]; for special kind of goods and their 

transportation in [25], [26]; for intermodal transport - [27] , 

[28] ; for locating of logistics in [29]. Timing considerations 

in transportation are addressed in [4], [7], [30], [31].  

This analysis illustrates that the bi-level optimization 
formalism has entered in the transportation domain, giving 

benefits for the design, control, and decision making 

problems.  The power of the bi-level formalism is based on 

the opportunity the optimization problem to accommodate 

more constraints, to extend the space of the optimization 

parameters, to apply in hierarchical order two goal functions. 

Short explanations of these features are given with the 

comparison between the bi-level problem (1) and the 

classical optimization problem (2): 

                             (2)   

               . 
 

     The classical optimization problem (2) evaluates as 

optimal solutions the set of parameters x. The set of optimal 

solutions in the bi-level problem (1) is higher in comparison 

with (2) because (1) contains both sets x and y. The classical 
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problem (2) takes in consideration small set of constraints, 

g(x), while the bi-level problem considers bigger set of 

requirements, simultaneously G(x,y) and g(x,y). Finally, the 

bi-level problem keeps two criteria on their max/min values, 

F(x,y) and f(x,y), in comparison with the single criteria f(x) 

for problem (2). Hence, the bi-level problem has bigger 
potential to consider more requirements in the optimization 

problem. This is one of the reasons the bi-level formalism to 

be applied intensively in different domains for optimization 

of resource allocation, control policies, design processes. 

That is why the described advantages are applied in this 

research for integration of optimization problems for 

increase of the control space of a transportation problem 

both with the traffic lights duration and the traffic light 

cycle.  

IV. TRANSPORT NETWORK UNDER BI-LEVEL OPTIMIZATION 

The urban network, which is considered, is one of the 

main arterial streets of Sofia town. This urban place very 

often generates transportation bottlenecks. Free cars, public 

transportation and pedestrian flows take place in this urban 

network. On close distances, five sequential intersections are 

controlled with traffic lights. After assessment of the 

behavior of the traffic flows, the intensities of inputs/outputs 

of vehicles,  it has been identified the traffic light plans on 

this network, which currently keep constant parameters for 

the green light durations and cycle time. The goal of this 

research leads to evaluation of new values of the traffic 
lights parameters: green phases and cycle duration. 

The topology of the transport network is presented in 

Figure 1. The main inputs of vehicles come from left and 

right direction of this arterial network. The crossing 

intersections reduce the main traffic direction and generate 

congestions inside of the arterial network. Such congestions 

make degradation for the main transport directions (left to 

right and opposite) and also increase the waiting vehicles, 

which cross the main street. Five regulated with traffic lights 

intersections have to support such plans for the green lights 

and cycle durations by means the queues and waiting 

vehicles into the arterial street to be prevented from 
congestions. 

 

 

 

 

 

 
 

 

 

 

     

 
 Fig.1 Transportation network under bi-level control 

 

 

The bi-level optimization goal is to minimize the queue 

lengths in front of the crossroad sections and to keep such 

volumes of cars, which will not generate bottlenecks on the 

arterial direction of the network from left to right and 

opposite. 

 

V. DEFINITION OF THE BI-LEVEL OPTIMIZATION PROBLEM 

The bi-level optimization problem is defined as 

integration if two optimization sub-problems, Fig.2. The low 

level sub-problem targets the minimization of the queue 

lengths x in front of the traffic lights of the intersections. 

This minimization is done by calculating the duration of the 

green lights u for all intersections.The lower level problem 

applies as predefined parameters the duration of the cycle 

durations c. The last are evaluated by the upper level 
optimization sub-problem. The upper-level optimization 

sub-problem takes as predefined parameters the queue 

lengths x and the green duration u and it evaluates optimal 

cycles c for maximization of the outflows of the arterial 

directions. Hence, the bi-level problem is constituted as two 

interconnected sub-problems. 

 

 

 

 

 

 

 

 

 
 

 
 

Fig.2. Hierarchical optimization of two optimization sub-problems 

 

The solutions of the bi-level problem will give optimal 

values of the queue lengths, green light durations and the 

cycle durations for the traffic lights. 

 

5.1. Definition of the low level sub-problem 

The lower level problem aims to minimize the queue 

lengths. The common formulation of this problem is                           (3)                          (4) 

1 2 3
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    The goal function is chosen in a quadratic form 

min(x2+u
2) .            (5) 

   

The analytical description of the queue lengths of sub-

problem (3)-(4) is based on the store and forward modeling. 

The general form of the store and forward modeling is given 

by relation (6) 

 

x(k+1)=x(k) + xin - xout ,        (6) 

xout = s(i)
 u +   (i) u, 

 

where k+1 is the current control cycle, x are the queue 

lengths in the previous k and the current k+1 control cycle; 

xin are the inflows of vehicles at each intersection, xout are 

the outgoing flows. The volume of outgoing vehicles xout is 

managed by the duration of the green light of this 

intersection for direction i, where s
(i)

 is the saturation flow 

on this direction,   (i) is the saturation for the turning flows 

and u is the duration of the green light of the intersection.  

We have to minimize all the queues in the network having 

in mind the store and forward model (6). The available 

traffic flows of the first crossroad section are graphically 

presented in Fig.3. 

 

 

 

        

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
                Fig.3. Traffic flows of the first crossroad section 

 

For the first crossroad section (node) the duration of the 
green light in horizontal direction is noted as u1 and in 

vertical direction u2. The flow saturations in horizontal and 

vertical directions are s1 and s2. We suppose that the right 

curve has saturation     in horizontal and     in vertical 

direction. The levels of saturations for the left curves are 

respectively 
       and  

      . 

These levels of the saturation flows are defined according 

to the infrastructural dimensions. Following Fig.3, the first 

crossroad section manages twelve traffic flows, noted 
sequentially from 1 to 12 with corresponding outflows, 

computed according to the duration of the green lights u and 

the corresponding saturation flows in direction:  

“1”   u1s1;     “2”       ;     “3”  
       ; 

“4”   u2s2;     “5”       ;     “6”  
       ; 

“7”   u2s2;     “8”       ;     “9”  
       ; 

“10”   u1s1;     “11”       ;     “12”  
       . 

The same form of modelling is applied for the second 

crossroad section (node), where the green light duration in 

horizontal and vertical directions are noted respectively u3 

and u4 and the horizontal and vertical levels of saturation 

flows are s3 and s4 . The set of outflows are defined as: 

“13”   u3s3;     “14”       ;     “15”  
       ; 

“16”   u4s4;     “17”       ;     “18”  
       ; 

“19”   u4s4;     “20”       ;     “21”  
       ; 

“22”   u3s3;     “23”       ;     “24”  
       . 

 
For the third crossroad section (node) the corresponding 

parameters are u5 and u6 for the green phase durations and s5 

and s6 for the saturation flows. The traffic outflows are noted 

as: 

“25”   u5s5;     “26”       ;     “27”  
       ; 

“28”   u6s6;     “29”       ;     “30”  
       ; 

“31”   u6s6;     “32”       ;     “33”  
       ; 

 “34”   u5s5;     “35”       ;     “36”  
       . 
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For the fourth node the notation used are (u7 and u8, s7 and    )  and the outgoing traffic flows are: 

“37”   u7s7;        “38”  
       ; 

 “39”       ;     “40”  
       ; 

“41”   u7s7;          “42”       .   

 

The last fifth node applies notations (u9 and u10, s9 and s10) 

with outgoing traffic flows : 

“43”   u9s9;        “44”       ; 

 “45”            ;     “46”  
            ; 

“47”   u9s9;          “48”  
       .   

 

The level of the queue lengths (x) in front of the traffic lights 

is changed for each traffic light control cycle. Applying the 

store-and-forward model the levels of the queue lengths for 

the current  control cycle depend from the residual queues 

from the previous control cycle  (xio), i=1,…,48, increased 

by the incoming flows (xin), decreased by the  outgoing 

flows on each direction (straight ahead, right and left 

curves). Applying the relations of the store-and forward 

modeling for the urban network from Fig.1, the relations of 

the queues according to (6) define a set of 18 inequalities, 
requiring control policy, which results in less queue lengths 

for the current control cycle:                                      (7)                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 
 
In matrix form, the set of inequalities (7) is   written as  

                          (8) 

The lower level sub-problem is defined in the form 

 

min(xT 
x+u

T 
u)           (9) 

            , 
 

where minimization of the queues x is considered in the goal 

function, A1 , A2, B are corresponding matrices, derived 

from (7).  

For the topology of the transportation network of Figure 

1, the relations (7) presented in form (8) give the set of 

constraints for the low level sub-problem as 

                                    (10)                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                  

 

5.2 Definition of the Upper level sub-problem 

The upper level sub-problem is defined in a way that the 
solutions x, u of the lower problem participate as parameters 

in its constraints and/or goal function. The upper level sub-

problem targets the maximization of the outflows from the 

arterial directions (left and right of Fig.1) by evaluating the 

duration of the time cycle of the traffic lights c.  From 

practical and realistic requirements, the time cycle is 

constrained between upper      and lower      bounds.  

The goal function is chosen in quadratic form to keep 

minimal cycle duration, which benefits the equilibrium 

distribution of waiting vehicles in overall network. The 

abnormal increase of the traffic cycles will generate 
congestion of the corresponding crossing sections. 

  Having the solutions of the lower level optimization 

problem x and u, the upper level optimization problem 

becomes analytically defined. The arguments of the problem 

are the traffic cycle durations ci, i=1,…,5, denoted below as  

vector y: 

                          (11) 
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It is assumed the 10% of the traffic cycle c or y is used for 

the amber light. The resulting 90% of the cycle duration is 

used by the green lights in the both crossing directions. 

The solutions of the upper level optimization problem 

give the duration of the cycles c=(ci, i=1,…,5). These values 

are given to the lower-level problem where they participate 
as parameters for the definition of problem (10) for the new 

control cycle of the traffic lights.  

VI.  NUMERICAL SIMULATION OF THE BI-LEVEL CONTROL  

Problems (9) and (11) evaluate the duration of the green 

lights u and the cycles c for one control cycle. The 

sequentially solutions of these bi-level problems will give 

the dynamics of the control policy with the changes of the 

queue lengths and the outgoing flows. The numerical 
simulation uses as initial data the current estimates of the 

traffic behavior, which were performed for this urban 

network for peak time from 16:00-18:00 for three weeks. 

Comparisons have been done between the current applied 

plan of traffic lights and the numerically evaluations with the 

bi-level optimization.  

The bi-level problem have been solved iteratively and on 

each iteration the obtained solutions of queue lengths, green 

light durations, and time cycles are used as input parameters 

for the next iteration. The numerical simulation was 

performed in MATLAB environment. Inside it has been 
install the bi-level toolbox YALMIP [32], which is a 

toolbox, implementing bi-level calculations. Particularly, the 

“solvebilevel” function was called in repeatedly way.   

For the urban network it has been estimated values for the 

inflows as: 

x1in = 260/3600;  x2in = 54/3600;  x3in = 206/3600;  x6in = 

50/3600;  x7in = 90/3600;  x10in = 96/3600 

x14in = 270/3600;  x17in = 320/3600;  x18in = 250/3600; 

xi   = 2, i=1,…,18. 

The current plan, applied for controlling the five 

intersections, has the following cycle durations  
c1 = 60;    c2 = 55;    c3 = 55;   c4 = 70;   c5 = 60;         ;          . 

The green lights are fixed to values  

u
T = [27;   27;   25;   25;   25;   25;   32;    32;   27;   27]. 

The saturation flows are assessed according to the urban 

infrastructure with values 

s
T=[500/3600; 160/3600; 550/3600; 300/3600;  550/3600; 

160/3600;  550/3600; 420/3600;  500/3600;  420/3600];    =[200/3600; 160/3600; 157/3600; 148/3600;  250/3600; 
150/3600;  490/3600; 240/3600;  240/3600;  20/3600]. 

The dynamical changes per time cycle of the 18 queue 

lengths x are presented graphically in Figures 4 till 22.  The 

numerical simulations applied 10 control steps of the traffic 

network by solving the bi-level problem (9)-(11). It has been 

estimated that benefits of the total traffic behavior comes up 

to the 5-th step, because the majority of the vehicle queues 
vanish. That is the reason the illustrations of the results of 

the bi-level control in graphical mode to be up to 5-th 

control step.  The horizontal axes of the figures below have 

meaning of sequence of the control steps. 

A comparison between the queue lengths, resulting by bi-

level control (in blue and solid line) and with the application 

of existing “fixed” time plans without optimization (red and 

dashed line) are presented in Figures 4 to 22.  

 

 
     Fig.4 Queue x1  

  

 
       Fig.5 Queue x2 

 
     Fig.6 Queue x3    
 

 
     Fig.7 Queue x4 

 
     Fig.8 Queue x5    
    

 
       Fig.9 Queue x6 
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       Fig.10 Queue x7      

 

   

 
      Fig.11 Queue x8 

 

 

 

 
      Fig.12 Queue x9    
 

 
 
       Fig.13 Queue x10 

 

 

 
 
    Fig.14  Queue x11    
     

 
      Fig.15  Queue x12 

 

 

 
      Fig.16  Queue x13  

    

 
    Fig.17  Queue x14 

 

 
 

    Fig.18 Queue x15     

 

 
    Fig.19  Queue x16 

 

 

 
   Fig.20  Queue  x17  

 

 
        Fig.21 Queue x18 

 

 

 The graphical assessment proves that the bi-level control 

optimization gives considerably better results in comparison 

with the existing “fixed” case of traffic control. All of the 

queue lengths keep decreasing behavior. It is obvious that 

the “fixed” control, currently applied on places, generates 

increasing character of the queue lengths, Figures 8, 9, 15 
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and 21. The corresponding queue lengths x5 , x12, x16 and x18 

increase but with the application of the bi-level control the 

same queues have decreasing character. This is a benefit, 

which comes from this new bi-level formulation of the 

traffic control.  

On Fig.22 it is presented an integral graphical 
comparison for the queue lengths for all queues with bi-level 

(blue solid lines) and the current “fixed” control (red dashed 

lines) strategies. The horizontal axis represents the traffic 

directions. It is evident that the “fixed” control strategy 
keeps higher levels of the queue lengths for the all 18 

directions. The bi-level control maintains lower values of 

queues. 

 
   Fig.22 Comparison of all 18 queues xi 

 

Because the target of the bi-level control is to give 

preferences to the arterial directions (West to East and 

opposite) the next Figures 23 and 24 illustrate the case of the 

application of bi-level control. It is graphically proved that 
in both directions the queue lengths of the arterial directions 

have decreasing character and this prevents the occurrence 

of bottlenecks and congestions. 

 

 
Fig.23 Queues xi from West to East 

 

An integral comparison between the bi-level control 

strategy and the “fixed” time one is given in Fig.25. All 

vehicles, which are waiting in queues of this urban network 

are calculated as a sum of each individual queues. The bi-

level control strategy gives total value of waiting vehicles in 

blue solid line, while the “fixed” time strategy is in red 
dashed line. It is evident that the “fixed” strategy has rapid 

increasing character, which explains the current situation of 

frequent congestions and bottlenecks on the arterial 

directions. In opposite, the bi-level policy decreases the total 

amount of waiting vehicles, which benefit the arterial 

outflows of the network.  

 

 
    Fig.24 Queues xi from East to West 

. 

 
Fig.25 Comparison of the sum of all queues  

 

For illustration purposes in Fig.26 are given the changes of 

the green lights durations, evaluated by the bi-level control. 

It is seen that they do not have constant values and the 

different crossroad sections apply different duration for the 

different control iterations. For the case of “fixed” time 
control the green lights per section are kept constant with 

values u1=27;  u2=27;  u3=25; u4=25;   u6=25;  u7=25; u8=32;    

u9=32; u10=27;  u11=27.  The bi-level control demonstrates 

sensibility and adaptive features for the evaluation of the 

green lights according to the current values of waiting 

vehicles. This is a benefit for the bi-level control.  
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     Fig.26 Optimization results of green light durations 

 

VI. CONCLUSIONS 

An arterial transportation network with five crossroad 

sections is modeled in order to improve the traffic behavior 

by bi-level formalism. This hierarchical modeling allows 

extending the control space not only with the green light 

durations but with the duration of the control cycle of the 
traffic lights. The increased set of control influences results 

in better behavior of the traffic state: considerable reduction 

of the queue lengths in the total transportation network as to 

give priority in arterial direction. Thus, the bi-level optimal 

control allows reducing the appearance of events as 

bottlenecks and traffic congestions.  

The bi-level modeling allows by integration of smaller 

optimization problems to have simultaneously two important 

control influences to the traffic: green lights ant time cycles. 

This research applies the store-and-forward modeling for the 

definition of the low optimization problem. The upper 
problem takes care of the outgoing flows by optimizing the 

cycle of the traffic flows. Thus, the application of the 

hierarchical approach benefits the control optimization 

procedure by optimizing simultaneously two important 

traffic control influences. The presented numerical 

simulation results illustrate the bigger potential and positive 

results of the bi-level control strategy. The comparisons with 

the currently established “fixed” plan control prove the 
benefit of the bi-level optimization control.  
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