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Abstract—The purpose of this article is to consider a special
class of combinatorial problems, the so called Prouhet-Tarry-
Escot problem, solution of which is realized by constructing finite
sequences of +1. For example, for fixed p € N, is well known the
existence of n, € N with the property: any set of n,, consecutive
integers can be divided into 2 sets, with equal sums of its pih-
powers. The considered property remains valid also for sets of
finite arithmetic progressions of complex numbers.

I. MORSE SEQUENCE

OR every positive integer m, let us denote with J(m)

and o(m) respectively the number of occurences of digit
1 in the binary representation of m, and the position of first
digit 1 in the binary representation of m. The Morse sequence
{am}2_; ([1], [4]) is defined by

Ay = (71)19(m)+g(m)—2.

The following properties are derived directly:

Aok = (—1)k
agryy = —a; for 1=1,2...,2"

The problem of finding a number n,, such that the set
Ay, ={1,2,...,n,} is represented as disjoint union of two
subsets, say B and C, with the property:

Sr-ye

beB ceC

is solved by the sequence {a., }°°_,. Elementary proof is given
below! and n, = 2P has the desired property, with

B={me A, : an=1},

C=A,\B={meA,, : ap=—1}

This result can be generalized to arbitrary arithmetic pro-
gressions of complex numbers. As example, if a,d € C, d # 0
and A,, ={a+kd: k=0,1,...,n, — 1}, then n, = 2°*!
and B={a+kdec A,, : aps1 =1}

I'Similar solutions and generalizations of the Prouhet-Tarry-Escot problem
are considered in [2], [3], [5], [6], [8]
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II. FORMULATION OF THE MAIN RESULTS
Let us define {H,, m(2) 5 m=1, bY

oo 2!

Hy(2) = 305 a (P(2) + £Q(2)™,

l=n k=1

where P, @ € C[z] are complex polynomials.
Proposition 1: If m =0,1,...,n—1 then H,, ,,, = 0, while
if n is even number the following equality is satisfied

TL27TL
Hyn(z) =nl272 Q"(2).

Proposition 2: Let n € N be a even number and

a1, Qo,...,q, are complex numbers, then
2m -
> ap(on + k) oz + k) (an + k) =nl2".
k=1

Proposition 3: If P € C[z] is a complex polynomial, then

gl+deg P

> axP(k)=0.

k=1

Proposition 4: Let p and k be positive integers. Then
there exist n € N, n < orflogs k1 and distinct square-free
positive integers x;;, ¢ = 1,2,...,k; j =1,2,...,n with the
property:

n n n
T T _ 'S _
E xljfg xzjfu-fg T, Vr=1,2,...,p.
j=1 j=1 j=1

Let {b;}°, and {d;}32, be arbitrary sequences of complex
numbers. Let v,, and I';, be the sets:

Ym = {bm + kd,, : k€ Z} and

Fn =772 -Yn = {H(bz + kdz) c kEeZ }
i=1

Proposition 5: Let n and m be positve integers. Then
there exists an integer s = s(n,m) with the property: every
s—element subset of I';,, where k runs through s consequtive
integers, can be represented as disjoint union of m subsets,
with equal sums of the elements in each one.

The proof of each of the formulated above propositions,
with the exception for 5, is based on the following lemma:
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Lemma 1: Set a,d € C, d#0, p e Nand Agp+1 = {a+
kd: k=0,1,...,2P"1 —1}. Then there are sets BNC = (),
BUC = Ajp+1 such that

Syoye
beB ceC
Corollary 1: Under assumptions of lemma 1, it holds
Zb’" = Zcr, r=0,1,...,p.
beB ceC

To prove lemma 1 and its consequence, we define a se-
quence of polynomials: {T ,(z)}32,, through which we will
gradually calculate the differences between the sums of equal

powers of the elements in B = {a+kd € Agp+1 : apy; = 1}
and C = {a + kd € Agp+1 : ap41 = —1}. For s > 0 set

qsti_1

Top(z)= ) axri(z+kd)?
k=0

and we calculate

Tsp(2) =

> (z+kd)” — > (z+kd)P.

0<k<4st1 —Tap, =1 0<k<4s+1—1; apyq=—1

When s < ”2;1, set z = a to obtain

>

b<a+(45+1—1)d

T.

spla) = b —

2.

c<a+(45+1-1)d

where summation is by b€ B, c € C.
Set p=2m+r, r € {0,1}. Here and everywhere below the
summations are performed on all b € B and ¢ € C, which
satisfy the corresponding inequalities.
When r = 1 we obtain

>

b<a+(4m+1-1)d

- >

b<a+(2r+1—1)d

bP —

2. &

c<a+(4mt1-1)d

> e

c<a+(2rtl—-1)d

:pr_ch'

beB ceC

bP —

When r = 0:

Tm,Lp(a) = P —

>

b<a+(22m—1)d
b<a+(2r—1)d
On the other hand

Z P —

a+2rd<b<a+(2rt1-1)d

- ¥

2P <m< 2P+l —1

>,

c<a+(22m—1)d

Z cP.

c<a+(2P—-1)d

bP —

Y oo

a+2Pd<c<a+(2P—1)d

am+1(a + md)P
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2P —1

= Z agp 4 f+1 (CL + (2;0 + k’)d)p
k=0

2P —1

=— Z apr1 (a+ (2P + k)d)?
k=0

2P —1

=~ 3 i ((a+27d) + k)" =

k=0

22m _1

== ki ((a+27d) + kd)”
k=0

= _Tmfl,p(a + 2Pd)

Therefore, for p = 2m we obtain

SUEPIEE

beB ceC
Tin—1p(a) — Tm—1,p(a + 27d).
Summarized:
NI
beB ceC
Tmpla), for p=2m+1
Tr—1p(a) = T_1p(a+2°Pd), for p=2m

III. PROOF OF THE MAIN RESULTS

Lemma 1 follows directly from :
Proposition 6:

0, when p=2m-—1
Tm—l,p(z) = | p%—p

pl27=2dP, when p=2m

Proof 1: Let us determine the polynomials {T ,(z)}52, by
finding recurrent formula. Since a1 = a4 =1, ay = a3 = —1,
then

Top(2) = (2 +3d)P — (24 2d) — (z +d)P + 2P.
We will prove that for all s > 1 is valid
Tsp(2) =Ts—1 (2 4+ 3.4°d) — Ts_1 (2 + 2.4°d)
—Ts1p(z+4%d) + Ts_1 p(2).

For example, if s = 1 then:

15
Tip(2) = arsa(z + kd)?
k=0

3 7
= a1 (z+kd)P + ) apa(z + kd)P

k=0 k=4
11 15
+Y a1 (z+ kd)P + Y apga(z + kd)P
k=8 k=12

3
=Top(z) + Z a2 {1 ((z + 4d) + md)?

m=0
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3
+ Z azs ym+1((z + 2.4d) + md)”

m=0
3
+ Z ags 224 m+1((2 + 3.4d) + md)”

m=0

=Top(2) — Z am+1((z + 4d) + md)?

m=0
3
> amya((z + 2.4d) + md)?

m=0
3
+ > @y ((2 + 3.4d) + md)?

m=0
= Top(z) = Top(z + 4d)
—Top(z+2.4d) + Tp (2 + 3.4d).
The proof is similar in the general case:

45+l _q

Z ak_H(z + kd)p

k=0

Ts,p(z) =

2.4°—1

Z ak+1(z + k‘d)p

k=4s

4°—1

=Y ap(z+kd)P +
k=0

3.4°—1 45t _q

+ Z ak+1(z + kd)? + Z ak+1(z + kd)P
k=2.4¢ k=3.4

4°—1
=Too1p(2) + Y aaesmrr((z +4°d) + md)?

m=0
451
+ Z a2.45+m+1((z + 2.4°d) + md)?

m=0
4°—1
+ 3" agarpmr (= + 3.4°d) + md)?

m=0

= ls_ 1p(2+34sd) s 1p(2+24sd)
- s,lyp(z + 45d) + Tsfl’p(z),

whence the necessary recurrent formula is established.

Inthe case 1 < s < [g] — 1, we prove that T ,(z) has the
type:

p—2  i1—2

T&p(z) =

11=28i5=2(s—1) i3=2(s—2)

is—2 . . .
E O (s
) 1/ \t2/ \13 ls+1

Ts41=
where

Lop= (307" —2P7h — )37 — 207 ).

. (31.577:5#»] _ 2i57i5+1 _ 1)4il+i2+"'+i575i5+1.
Indeed, when s = 0 follows:
Top(z) = (2+3d)? — (2 4+2d)" — (z+d)P + 2P
- Z ( ) (371 — 9p=ir _ 1)gpit i,
21
21 0
Direct calculation for T4 ,, gives
Ty p(2) = Top(2) — Top(z + 4d)

—Top(z+ 2.4d) + To (= + 3.4d)

— Z( ) 3p7i1 _ 9p—i1 _

21—

((z + 12d)
p—2
— Z (il)(g);vfh _9p—i1 _ 1)dp7i1
11 =2
(z+12d)" — (2 +8d)" — (2 +4d)" +z")
—2

-y (p) (37— —grh 1
A i

1=

i1 .
(o £
i2=0

1)dr—"

— (24 8d)" — (2 +4d)" + zil)

bS]

)dp7i1

V)

~

— Z( ) 3;0*1'1 _op—i1 _ 1)dp—i1
11=2
i1—2
e
2
i2=0
P21 . .
NGRS
11=21,=0
(321712 _9ii—i2 _ 1)4i1*i2dp*izzi2 —
p—2i1—
S e,

hence the assertion is established for s = 1. Suppose that
for some s > 2, Ts_q ,(z) satisfies the recurent formula and
denote

Gsap

— p il i2 . D—is+1
i1y025 st (21) (22) (23) (Zs+1)d Ls P

for s > 1. Direct calculation shows:

Tsp(z) =To—1p(2+3.4°d) — Ts_1 (2 + 2.4°d)
—Ts1,p(2 +4°d) + Ts—1,p(2)
i1—2 i9—2 ig—1—2
s 1
= ' 21,127p--~>i-
Z )IEED DD

i1=2(s—1) i2=2(s—2) i3=2(s—3) is=0
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((z+ 3.4Sd)is — (2 +2.4%d)" —

i1—2 Ts— 1—2

S SIS SN

11=2(s—1) i2=2(s—2) is=0

Ze fs—ls41 _ 9ls—lsy1 __
+ Z (lsﬂ)(s P 1)

45(is —ist1 )dis sl Hlst }

(z 4 4%d)" + 2%)

11»221

117 lc 1— i572
= Z > D Gl 2
11=28i5=2(s—1) tg=2 ls+1:0

(.Zs )(3is—is+1 _ gis—isy1 _ 1)4S(is—is+1)dis—is+1Zis+1
Ts+1

)
Z.s—&-l

i1—2 fs_1—2 §,—2

Y Y Y S

11=281,=2(s—1) ts=2 ie41=0

21712:

(Sis—is+1 _ 2i‘;—is+1 _ 1)4s(is_is+1>dis_i'“+lzi3+l
i1—2 fs—1—2 §4—2

. is41

Z Do > D Gl A

11=28i5=2(s—1) i1s=2 1341=0

which prove that T ,(z) satisfies the recurrent formula.

Let us determine the degree of T ,(z), s > 0. According to
the derived formula we find 4511 < i, —2 <431 —4 < <
i1 —2s < p—2(s+ 1), as equality is reached everywhere
Therefore degTs ,(2) = p—2(s+1). ff p=2m+r, r €
{0, 1}, then

degTrm—1p(2) =p—2m =r.

For r = 0 we obtain that T;,,_; ,(2) is a constant, equal to

Tin—1,p(2) =
p—2 i1—2 Im—2—2%m—1—2
_ m—1,p im

i1=2(m—1) ia=2(m—2) im—1=2 im=0

2(m—1) 2(m—2) 2 0
S S IR 5 s
i1=2(m—1) ig=2(m—2) Im—1=2%m=0

m—1,p
01,82,

im
Ts+1

_ m—1lp
- Gp—2,p—47p—6-.-,270

=(,72) (=0 ) )
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P .
e L1, =p2" 0 —
= Tn-1,p(2) = p'2 , for p = 2m.

In the case r = 1, we will prove that T, ,(z) = 0:
T p(2) =
= m_l,p(z + 34md) - Tm_l’p(z + 24md)—
T—1p(z +4™d) + Tn—1,p(2)

p—2 i1 —2 fm—1—2
_ § : E : § : m—1,p
- 11,82,y Tm
i1=2(m—1) ip=2(m—2) im=0

((z+34™d)'m — (2 4+ 2.4™d)"™ — (24 4™d)"™ + 2'm) = 0,

and the above equality is valid, since the summation index

im takes values 0 and 1. Thus the proposition 6 is proved.
Proofs of propositions 1,2,3,4,5 will be presented in [7].
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