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Abstract—Topological analysis of binary-state systems is a fun-
damental part of reliability engineering. While efficient com-
puting methods exist for coherent systems, noncoherent systems
have no general subexponential method and in the worst case
require enumeration of all 2" states. Recent works have explored
quantum computing for reliability analysis through Bayesian
networks and general optimization frameworks, but no prior
study has addressed computation of topological measures of
noncoherent systems using quantum solution. This paper presents
a systematic procedure for constructing a quantum oracle from
a compact Boolean netlist and combines it with the quantum
counting algorithm to achieve quadratic speedup. This research
also investigates ancilla qubit recycling, achieving 18-46% qubit
reduction, and identifies its incompatibility with controlled op-
erations in quantum phase estimation. The approach is verified
on five reference systems and LGSynth’91 benchmarks. These
results establish quantum counting as a viable computational
framework for topological analysis of noncoherent systems.

I. SYMBOLS AND NOTATION

Symbol Description

Structure function

Number of components
Number of functional states
Truth density (M /2™)
Number of gates in netlist
QPE counting qubits
Grover rotation angle
Generic phase in QPE
QPE measurement result
Grover operator

Qe € o n ATI O

II. INTRODUCTION

ELIABILITY analysis of various systems is one of the
key elements of reliability engineering. For a binary-state
system composed of n components, where each component
can be in one of two states (functional represented by number
1 or non-functional expressed as number 0), the key task is to
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determine the reliability of the system as a whole. This task
formally reduces to the evaluation of the structure function [1]:

¢(x) : {0,1}" = {0,1} (1

which, for each combination of component states, determines
whether the system works (state 1) or not (state 0). The binary-
state model is the simplest case; many real systems are more
naturally described as multi-state systems, in which both the
components and the system itself can occupy several levels
of performance between fully functional and failed [2]. The
structure-function formalism extends directly to this setting,
and topological measures such as the truth density have multi-
state counterparts [3]. Noncoherence is likewise meaningful
for multi-state systems, where it has recently been studied in
the context of importance analysis [4]; in this paper, however,
we restrict ourselves to the binary-state case.

For coherent systems where the structure function is mono-
tone (repairing a component can never worsen the state of the
system), there is a rich apparatus of analytical methods, such as
minimum cuts, minimum paths, inclusion-exclusion principle,
and others. These methods allow computing reliability without
enumerating the entire state space of size 2”. The situation is
different for noncoherent systems, where the structure function
is not monotone. In such systems, repairing a component can
paradoxically cause the system to fail, for example, in protec-
tion circuits, fail-safe mechanisms, or systems with redundant
switching, where the switch itself can fail. For noncoherent
systems, classical methods based on minimum cuts and paths
fail because the notion of a minimum cut in the classical
sense loses meaning in the absence of monotony. Thus, an
accurate calculation of reliability in the worst case requires
enumeration of all 2" states, which implies a complexity of
Q(2™). Quantum computing has recently been explored as
a tool for complex combinatorial optimization [5] or reliability
analysis [6], [7]. However, these and other works have not
addressed the specific problem of truth density computation for
noncoherent systems using quantum counting. In this paper,
we aim to use a quantum approach to this specific problem. We
use a quantum counting algorithm, which combines Grover’s
search algorithm [8] with Quantum Phase Estimation (QPE),
to estimate the number of functional states of a system M with
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a complexity of O(poly(n)-2"/2) oracle calls. This represents
a theoretical quadratic speedup over the classical approach by
an exponential factor.

The key contribution of the paper is the proposal of
a systematic procedure for constructing a quantum oracle
from a compact representation of a noncoherent system in
the form of a Boolean netlist. This procedure involves the
translation of classical logic gates (AND, OR, NOT, XOR, and
others) into reversible quantum operations, the management
of ancilla qubits, and their uncomputation, which is necessary
for preserving quantum coherence in the quantum counting
algorithm. In addition, we investigate the optimization of the
number of qubits by recycling ancilla qubits and present
an important negative result on the incompatibility of this
optimization with controlled operations in QPE.

The implementation is done in the Qiskit (framework
developed by IBM) and verified on reference noncoherent
systems with 3 to 6 components. In addition, a parser for the
PLA format is designed, which allows the application of the
algorithm to standard benchmarks from the LGSynth’91 suite.

III. RELIABILITY OF BINARY-STATE SYSTEMS
A. Structure Function

Let us consider a system S composed of n components.
Each component ¢ € {1,...,n} is in one of two states:
functional (x; = 1) or non-functional (z; = 0). The state
vector of the system is x = (x1,22,...,2,) € {0,1}"™. The
total state space has 2" elements.

The structure function ¢(x) : {0,1}" — {0,1} assigns
a system state to each state vector: ¢(x) = 1 if the system is
working, ¢(x) = 0 if the system is not working. The structure
function completely characterizes the logical structure of the
system, independent of the failure probabilities of individual
components [1].

The truth vector ® € {0,1}2" is defined as an ordered
sequence of values of the structure function for all state vectors

in lexicographic ordering. The state vectors Xg, X1, ..., Xon_1
correspond to binary representations of indices 0, 1,...,2"—1,
e.g., for n = 3: x9 = (0,0,0), x; = (0,0,1), ..., x; =
(1,1,1):

® = (¢(x0), p(x1), ..., (x20-1)) 2

B. Coherent and Noncoherent Systems

A coherent system satisfies the monotonicity condition: if
x <y (in terms of component states), then ¢(x) < ¢(y) [1]
This means that repairing any component can never cause the
system to fail. Coherent systems further require the relevance
of each component and the boundary conditions ¢(0) = 0,
$(1) = 1.

For coherent systems, there are efficient computational
methods based on monotony. A system is uniquely charac-
terized by its minimum cuts (the smallest set of components
whose failure will cause the system to fail) [9] or minimum
paths (the smallest set of components whose functionality
will ensure the functionality of the system) [10]. The meth-
ods sum of disjoint products (SDP) [11], inclusion-exclusion
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principle [12], and recursive decomposition (pivoting) with
pruning due to monotony allow computing reliability in time
significantly less than O(2").

A noncoherent system violates the monotone condition [1].
The structure function ¢ is a general Boolean function — not
necessarily monotone [13]. This means that there is a situation
where repairing a component causes the system to fail, or
vice versa, where the system “fixes” a component’s fail-
ure. Noncoherent behavior occurs in real systems: protection
circuits, logic circuits [14], fail-safe mechanisms, redundant
switching systems where a switch can fail [15], network
topologies with flow control logic, or systems where the failure
of a single component activates a backup mode [16]. For
noncoherent systems, methods based on minimum cuts and
paths fail because there is no ordering on the set of failure
states compatible with the structure function [10]. There is no
guarantee that if a subset of components causes a failure, then
their superset also causes a failure. The Boolean function ¢
can have any structure without any monotone regularity.

C. Truth Density
The truth density of a structure function is defined as:

M

d=TD(9) = 5

where M = |{x € {0,1}" : ¢(x) = 1}| is the number of ones

in the structure vector, i.e., the number of functional states of
the system.

Truth density is a fundamental quantity for topological
reliability analysis [3]. In the case where all components
have the same and independent probability of functionality
p = 1/2, the truth density is directly equal to the reliability
of the system [1]. In the more general case of independent
components with different probabilities p;, the reliability is:

= > Hp (T=p)' ™™ @4

x: p(x)=11=1

3)

R(plap27 e 7p'n, —

Also for this general case, knowledge of M is a useful
statistical characteristic of the system.

Formally, we define the computational problem as follows:

Remark 3.1 (Counting-¢): Given a Boolean function ¢(x) :

{0,1}™ — {0,1} (the structure function of a noncoherent
system), specified as a Boolean circuit of size s = poly(n),
the task is to determine M = |¢~1(1)].
Here ¢~ (1) = {x € {0,1}" : ¢(x) = 1} denotes the
preimage of 1 under ¢, i.e., the set of all state vectors for
which the system is functional. The notation | - | denotes
set cardinality, so M is the number of such vectors. The
assumption s = poly(n) means the circuit size grows at
most polynomially with the number of components, which is
satisfied by all practical engineering systems.

Counting the satisfying assignments of a general Boolean
function is #P-complete [17], so no worst-case polynomial-
time algorithm is expected. In a black-box setting, where
¢ is accessible only through evaluations, €(2™) queries are
unavoidable. When ¢ is given as a compact circuit, symbolic
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methods (Section III-D) can be far more efficient on structured
instances; their worst-case complexity, however, remains expo-
nential and they provide no guaranteed subexponential bound
for arbitrary noncoherent functions.

It is important to note that the total classical complexity
also includes the generation of the structure vector, not just its
traversal. If the structure vector were available as an explicit
table, simply counting the ones would cost O(2"). However,
generating this table itself requires O(s - 2™) operations,
where s is the number of logic gates in the Boolean circuit
representing ¢ (i.e., for each of the 2" state vectors, evaluating
¢ requires traversing all s gates), and for large n the table
cannot even be stored in memory.

D. Classical Symbolic Methods

Beyond explicit enumeration, the reliability literature offers
symbolic techniques that avoid materialising the full 2™ state
space. Binary Decision Diagrams (BDDs) [18] represent ¢ as
a canonical directed acyclic graph and compute M (and relia-
bility) in time proportional to the diagram size, which is often
polynomial for structured systems but can grow exponentially
in the worst case and is highly sensitive to variable ordering.
For noncoherent systems in particular, BDD-based and logical-
differential approaches have been developed, including work
by the present authors and close collaborators [19], [20].
These methods are the appropriate classical baseline for com-
pactly specified functions and frequently outperform brute-
force enumeration in practice. We therefore position quantum
counting as complementary rather than uniformly superior:
it does not dominate symbolic methods on instances where
the BDD stays small, but it offers a guaranteed worst-case
query advantage that holds uniformly over all non-monotonous
functions, including those whose every variable ordering yields
an exponential-size diagram.

IV. BASICS OF QUANTUM COMPUTING

This section provides the essential basics of quantum com-
puting for the reader familiar with the classical computational
model. A more detailed introduction can be found, for exam-
ple, in [21].

A. Qubit and Superposition

A qubit is a fundamental unit of quantum information,
analogous to a classical bit. Unlike a classical bit, which is
in one of two states, 0 or 1, a qubit can be in a superposition
of both states simultaneously:

) = a]0) + B[1) 5)

where «, 3 € C are probabilistic amplitudes satisfying |a|? +
|B]> = 1. When a qubit is measured, it “collapses” into
the state |0) with probability |«|? or into the state |1) with
probability |3]2.

A register of n qubits can be in a superposition of all 2"
states simultaneously:

) =Y ax|x) ©)

where ax € C is the probability amplitude associated with
state |x), satisfying the normalization condition ) |ax|? = 1.
Upon measurement, the state |x) is observed with probability
|cx|?. This is the basis of quantum parallelism, meaning
a quantum computer can “process’” exponentially many states
at once, even though only one result is obtained when a mea-
surement is made.

B. Quantum Gates and Oracle

Quantum computation is implemented by applying quantum
gates, namely unitary operators, to qubits. Basic gates include:
the Hadamard gate H, the Pauli X gate , the CNOT (controlled
NOT — flips the target qubit if the control is in the state |1)),
and the Toffoli gate (controlled-controlled NOT, equivalent to
a reversible AND) [22].

A key property of quantum gates is reversibility, since
each gate must implement a unitary operation, meaning that
the computation is always invertible. This is a fundamental
difference from classical logic gates (for example, AND has
2 inputs and 1 output, which loses information). This results
in the need for auxiliary (ancilla) qubits in the construction of
quantum analogues of classical gates.

A quantum oracle is a special unitary operation Uy that, for
a given Boolean function ¢, performs the transformation:

Us: |x)[g) = [x) g ® o(x)) (7)

The input x remains intact and the result ¢(x) is XORed into
an auxiliary qubit. If the auxiliary qubit is prepared in the state
|—) = %(m) —|1)), the XOR operation does not change the
auxiliary qubit’s state but instead transfers the function value
into the phase of the input register — a mechanism known as
phase kickback:

%) =) = (=1)°9 |x) |-) ®)

When ¢(x) = 0, the factor (—1)° = 1 leaves the state
unchanged. When ¢(x) = 1, the factor (—1)! = —1 flips
the sign of the amplitude. This phase is not directly ob-
servable on a single state, but when the input register is in
superposition, the relative phase differences between states
enable interference, the foundation of both Grover’s search and
quantum counting. Generally, construction of quantum oracle
plays a key role for efficiency of these algorithms [23].

C. Quantum Phase Estimation

Quantum Phase Estimation (QPE) is an algorithm that,
given a unitary operator U and its eigenvector |u) with
eigenvalue ¢?™*, estimates the phase w [24]. QPE uses a t-
qubit counting register and a working register in the state
|u). After applying controlled powers of U and the inverse
Quantum Fourier Transform (QFT™!) to the counting register,
the counting register measurement is concentrated around the
value y ~ 2'w. The accuracy of the estimate depends on
t; more qubits in the counting register means finer phase
resolution.
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V. QUANTUM COUNTING ALGORITHM

A. Grover’s Operator

The Grover operator GG is a composition of two operations:
the phase oracle Uy, which marks “good” states (where
¢(x) = 1) with phase —1, and the diffuser D = 2 |¢) ()| — I
(where [ is the identity matrix), which realizes the reflection
around the uniform superposition |¢)) = H®"|0)®".

Geometrically, G is a rotation by an angle 6 in a two-
dimensional subspace spanned by states |«) (a uniform super-
position of “bad” states where ¢(x) = 0) and |3) (a uniform
superposition of “good” states where ¢(x) = 1). The initial
state decomposes as:

) = cos(§ ) 1) +5in(3 ) 19 ©)

where the key relationship between the angle 6 and the number
of good states M is:
sin? Q = %
2 n

This relationship is the core of the entire quantum counting
algorithm: if we find 6, we calculate M directly from it. Tight
bounds on the number of Grover iterations required have been
established in [25].

(10)

B. Algorithm Description

Quantum counting applies QPE to the Grover operator G.
The eigenvectors of G in the relevant subspace are |vy) with
eigenvalues e, The initial state |+)) is a superposition of
both eigenvectors, so QPE returns an estimate of either 6 or
21 — 0, giving either M or 2" — M. An alternative QFT-
free approach achieving the same complexity purely through
Grover iterations has been proposed in [26].

The entire quantum counting procedure:

1) Prepare a t-qubit counting register in superposition
(H®') and an n-qubit working register in uniform su-
perposition (H®™). Prepare the output qubit in state |—)
for phase kickback. ‘

2) Forj=0,1,...,t—1, apply G* controlled on the j-th
qubit of the counting register.

3) Apply the inverse QFT ! to the counting register.

4) Measure the counting register, obtain the integer y.

5) Calculate the estimates. The measured integer y €
{0,1,...,2"—1} from the counting register encodes the
phase of the Grover operator. The angle and the number
of functional states are recovered as:

' . gin? (g) (11)

The complete circuit layout is illustrated in Fig. 1.

21y ~

=
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C. Complexity

In step 2 of the algorithm, the j-th qubit of the counting
register controls G2, which requires 27 sequential applications
of the Grover operator and each application contains one oracle
call. Summing over all ¢ counting qubits, the total number of

oracle calls is: 1
dooi=2—1
§=0

To estimate the truth density with an accuracy of ¢, t ~ n/2+
O(log(1/¢)) qubits are enough, which gives O(2"/2 /¢) oracle
calls. Each oracle call costs O(s) elementary gates, where s
is the number of classical logic gates in the Boolean netlist
for ¢ (see Section VI for the detailed construction). The total
gate complexity is therefore:

n/2
O(s- 2 )
g

For comparison, the classical approach requires 2" evaluations
of ¢, each in O(s) operations, giving a total of O(s-2"). The
acceleration ratio is 2"/2.

Remark 5.1 (Approximate density vs. exact count): The
bound (13) concerns approximate estimation of the truth
density d to additive accuracy ¢, the quantity required for
reliability analysis. Recovering the exact integer M is strictly
stronger: consecutive admissible densities differ by 1/2", so
exact recovery needs € < 1/2"%!, hence t ~ n and O(2")
oracle calls. The quadratic speedup therefore applies to density
(and hence reliability) estimation, not to exact model counting,
for which we claim no speedup. The exact M reported for
small n in Section VIII is a verification by-product, available
only because ¢ ~ n is still affordable there.

(12)

13)

D. Relation to Other Quantum Approaches

Several quantum methods target related counting/estimation
tasks. The QFT-free approximate counting of Aaronson and
Rall [26] attains the same (O(2"/2) query complexity using
only Grover iterations, trading the ¢-qubit counting register for
repeated amplitude estimation — reducing width at the cost of
sequential runs. Iterative QPE (IQPE) [27] similarly collapses
the counting register to a single recycled qubit with adaptive
feedback. Both reduce qubit width relative to QPE construc-
tion but do not change the oracle, so the netlist-to-oracle
synthesis of Section VI applies to them unchanged. In the
reliability domain, the quantum-Bayesian-network approach of
Salfale et al. [7] uses amplitude amplification on a probabilistic
graphical model rather than on a Boolean structure function;
it estimates marginal probabilities directly but does not yield
the truth density (functional-state count) that is our target. Our
contribution is thus orthogonal: a general structure-function
oracle that can be plugged into any of these estimation back-
ends.

VI. CONSTRUCTION OF ORACLE FOR NONCOHERENT
SYSTEM

The construction of an efficient quantum oracle from a com-
pact representation of the system is a key contribution of this
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QFT-1 ’ 1%

G G2

G

o -E)H

where D =2|y)(y| -1

V=2".sin2(™
M=2"-sin?(3)

Fig. 1. Generic quantum counting circuit. The counting register (¢ qubits) controls powers of the Grover operator G' applied to the working register. Inverse
QFT and measurement yield estimate y, from which M is computed via M = 2™ - sin? (7wy/2?).

paper. Related work on mapping Boolean functions to quantum
circuits appears in the context of quantum compilation [28],
though with a different objective of circuit optimization rather
than reliability analysis. The oracle must be constructed from
a compact description of the system (not from an explicit
truth table), otherwise its construction itself would have O(2")
complexity and the quantum advantage would be negated.

A. Compact Representation

If the input was an explicit truth vector with 2" entries,
the construction of the oracle would require O(2") quantum
gates, because for each entry where ¢(x) = 1 it would be
necessary to add one branch of the multi-controlled circuit.
Quantum counting would then call this oracle O(27/2) times,
giving a total complexity of:

o@2"-2"?) = 0(2%/?) (14)

This is worse than the classical for-loop with O(2™). This
observation is consistent with complexity-theoretic results
showing that constructing quantum operators from explicit
Boolean representations is #P-hard in general [29]. The cost
of one oracle call is therefore decisive: from the truth table it
is O(2") per call, from the compact circuit it is O(poly(n))
per call.

B. Input Format: Netlist

The system is specified as a Boolean netlist: an ordered
list of gates G = [(type, inputs, output), ...], where type €
{AND, OR, NOT, XOR, NAND, NOR, XNOR}, inputs are the
names of primary inputs (z1,...,x,) or outputs of previous
gates, and output is the unique name of the intermediate result.
The last gate must have the output “out”, the value ¢(x). We
assume all gates in the netlist have at most two inputs. Gates
with k& > 2 inputs (e.g., a three-input AND) can be decom-
posed into k — 1 two-input gates, each requiring one ancilla

qubit. This decomposition is standard and does not affect the
asymptotic complexity of the oracle (this is not a part of the
current implementation). A netlist is essentially a Directed
Acyclic Graph (DAG), which is a standard representation in
circuit design.

For noncoherent systems, a netlist is a natural represen-
tation, since incoherence typically arises through negations
(NOT) and non-commuting operations (XOR), which are ex-
plicitly present in the netlist. Unlike coherent systems, which
consist only of AND and OR gates (corresponding to series
and parallel connections), noncoherent systems require full
Boolean logic.

C. Qubit Allocation

An oracle quantum circuit requires three groups of qubits:

« Input qubits (n): One qubit for each system compo-
nent (x1,...,xy,). These qubits must not be overwritten,
Grover’s operator continues to work with them after the
oracle.

« Ancilla qubits (s): One for each gate in the netlist. They
store the intermediate results of the computation and must
be returned to state |0) at the end.

o Output qubit (1): Carries the final value of ¢(x).

The total number of oracle qubits is n+ s+ 1, where s denotes
the number of gates in the Boolean netlist representing ¢. In
the standard allocation (without recycling), each gate requires
exactly one ancilla qubit to store its intermediate result, so
s equals both the gate count and the ancilla count.

D. Translation of Logic Gates on Quantum Gates

Each classical gate is translated into a sequence of reversible
quantum gates. The output (ancilla) qubit is always initialized
to |0) and after application contains the result of the operation.
The inputs remain intact, which is a key invariant because the
same wires can be read by multiple later gates.
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o AND(a, b) — w: One Toffoli gate CCX(a, b, w). Toffoli
flips the target qubit only if both control qubits are |1).
Since w starts at |0), the result is w = a A b. Toffoli is
self-inverse (CCX - CCX = [I), which is important for
uncomputation.

e OR(a, b)) — w: Uses De Morgan’s law: a V b =
—(—a A —b). Implementation: X (a), X (b) temporarily
negate inputs; CCX(a, b, w) computes —a A —b; X(a),
X (b) return the inputs to their original state; X (w)
negates the result. A total of 6 gates. The inputs are intact
because X - X = 1.

e NOT(a) — w: X (w) followed by CNOT(a, w). Result:
w = 1® a = —a. Input a remains intact.

o XOR(a, b) = w: CNOT(a, w), CNOT (b, w). Result: w =
0B ad®b=a@b. Inputs intact.

o NAND(a, b) — w: CCX(a,b,w) followed by X (w).
Result: w = —(a A D).

e« NOR(a, b) — w: X(a), X(b), CCX(a,b,w), X(a),
X (b). Result: w =—a A —=b=—(aVb). No final X (w),
unlike OR.

o XNOR(a, b) — w: CNOT(a,w), CNOT(b, w), X (w).
Result: w = —(a ®b).

E. Forward Pass and Uncomputation

The construction of the oracle consists of two phases, which
we illustrate on the system ¢(xy, za,x3) = (21 A 22) ® —x3
with a netlist:

o Gate 0: AND(x1,x2) — wy
o Gate 1: NOT(.Tg) — Wo
o Gate 2: XOR(wy,wy) — out

Allocation of qubits: ¢ = =1, 1 = ¥2, @2 = ¥3, q3 = Wy,
G4 = wa, q5 = out. A total of 6 qubits. The corresponding
circuit is shown in Fig. 2.

Phase 1 — Forward pass. We go through the netlist
from gate O to gate 2. For each gate we apply its quantum
equivalent:

« Gate 0 (AND): CCX(qO,ql,q;z,) — q3 =21 N2

o Gate 1 (NOT): X(q4), CNOT(g2,q4) — g4 = 23

e Gate 2 (XOR): CNOT(Q3,Q5), CNOT((]4,(]5) — g5 =

wy @ wy = (%)
After the forward pass, g5 contains ¢(x), but ¢3,qs are
entangled with qo, q1, g2. If we left the ancillas in this state,
they would carry information about x and Grover’s diffuser
would not work correctly, since the geometric interpretation
of the rotation in the 2D subspace would be disturbed.

Phase 2 — Uncomputation. We apply the same gates in
reverse order (i.e., for a forward sequence Ui, Us,Us, the
uncomputation must be Us, Uz, Uy), skipping gate 2 (it writes
to out, which we want to preserve). Gates 1, 0 are repeated in
reverse:

o Reverse gate 1 (NOT): CNOT(g2,q4), X(q4) = g4 =0
o Reverse gate 0 (AND): CCX(qo,q1,93) = g3 =0

Result: qo,q1,q2 intact, g3 = g4 = 0, g5 = ¢(x). The
transformation |x) |00) |0) — |x) |00) |¢(x)) is complete.

PROCEEDINGS OF THE FEDCSIS. RIGA, LATVIA, 2026

o —e@ 4
q. —e \ 4
g2
as -
Qa
as

Fig. 2. Oracle circuit for the system ¢ = (z1 A x2) @ —z3, showing the
forward pass (left) and uncomputation (right). Input qubits go—g2 remain
intact; ancilla qubits g3—q4 are returned to |0); output qubit g5 carries ¢(x).

All used quantum gates (Toffoli, CNOT, X) are self-inverse:
U - U = I. Therefore, repeating the same sequence of gates
inverts the computation and returns the ancilla to |0) indepen-
dently of the value of x. The ancilla qubit after uncomputation
is not entangled with any other qubit; it is in the factorized
state |0), which is equivalent to a fresh, unused qubit. The cost
of one oracle call is O(2s) = O(s), where s is the number of
gates.

FE. Recycling of Ancilla Qubits

Standard allocation assigns one ancilla per gate perma-
nently. However, many intermediate wires become dead after
their last use as input to a subsequent gate. Through lifetime
analysis, we determine when each wire is last read, uncompute
it at that point (returning its qubit to |0)), and release the qubit
into a reuse pool.

For example, in the system ¢ = ((z1Az2)V (x3A24)) A5,
wires w; and wq are dead after gate 2 (OR). Their qubits are
uncomputed and reused by gates 3 and 4, reducing the total
from 10 to 8 qubits (20% saving). Figure 3 shows savings of
0—46% across all tested systems, with the largest reductions on
SOP-derived netlists where many AND terms are consumed
once by the OR tree.

Verification confirmed that the recycled oracle produces
identical truth tables to the standard one. However, we ob-
served that our recycled construction is incompatible with
the controlled-power schedule used by QPE. In the recycled
oracle, uncomputation of dead wires is interleaved with for-
ward gates, creating sequences where a qubit is freed and
immediately reused. When the entire circuit is controlled on
a counting register qubit, the control condition may prevent
uncomputation while still executing the subsequent gate on the
same qubit, leaving it in an incorrect state. The result is that
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Fig. 3. Comparison of standard vs. recycled ancilla allocation. Left: qubit count reduction (18-46% for larger systems). Right: circuit depth increase — the

trade-off between qubit savings and deeper circuits.

QPE with a recycled oracle produces a uniform measurement
distribution instead of concentrated peaks, and the algorithm
fails. We stress that this is a limitation of the specific naive
schedule (controlling each interleaved free/reuse sequence as
one block), not a fundamental property of quantum count-
ing: block-wise recycling or a compute—uncompute—-recompute
pattern (Future Work) should restore compatibility. Therefore,
recycling is applicable only for standalone oracle verification
and qubit count comparison; quantum counting itself requires
the standard allocation with uninterrupted forward pass and
uncomputation sequences.

G. PLA and LGSynth’91

For validation on standard benchmarks, a parser for the
PLA format (Espresso), used in the LGSynth’91 benchmark
suite [30], was implemented. PLA defines a Boolean function
as a sum of products (SOP/DNF). Each product term is
translated into an AND tree of its literals (with NOT for
negated inputs “0”, skipping do not-care inputs “-”), and the
entire function is an OR tree of all terms.

For multi-output PLA files, each output is processed in-
dependently. The parser correctly interprets the output plane
including the symbol “~” (do not care in the output plane)
according to the Espresso format specification [31].

An important observation: direct SOP-to-netlist conversion
generates netlists whose size is proportional to the number of
product terms, not the number of inputs. The benchmark xor5
with 16 terms produces 119 gates (and thus 119 ancilla qubits),
which is unmanageable for a simulator. Logic minimization
prior to oracle synthesis (e.g., algebraic factorization) would
significantly reduce this size.

VII. PARAMETER AND ERROR ANALYSIS
A. Choosing the Number of QPE Qubits

The number of qubits ¢ in the QPE counting register directly
determines the accuracy of the estimate. With ¢ qubits, the

resolution in the angle is Af = 27/2! and the error in the
truth density is bounded by:

m

jd—d < 5 (15)

To accurately estimate an integer M would require ¢ ~ n

qubits (O(1/2™) resolution), giving O(2") oracle calls and

negating the quantum advantage. However, t ~ n/2 +

log,(m/€) qubits are sufficient to estimate the truth density
with accuracy e, which preserves the quadratic speedup.

In our experiments, ¢ > n/2 -+ 2 was sufficient to round M
to the correct integer for the small systems tested (n < 6).
This is not a general guarantee (cf. Remark 5.1): the rounding
succeeds only because at these sizes the discretisation scale
7 /2t is already below the inter-density gap 1/2". As n grows
the two scales cross, exact rounding then demands ¢ ~ n, and
only the density estimate retains the speedup.

A special case are systems with extreme truth density, for
example, a purely serial system (AND, M = 1) or a purely
parallel system (OR, M = 2™ — 1). In both cases the angle is
0~2/ v/2", which for large n is extremely small, close to 0.
It is difficult to distinguish from zero by QPE, and ¢ grows to
the order of n, not n/2.

B. Sources of Error

The QPE discretization error is an inherent error arising
from the finite resolution of the counting register. For most
values of M, the angle 6 is an irrational number that cannot
be represented exactly by ¢ bits. The error in M propagates
nonlinearly through the relationship M = 2"sin?(#/2) and
the sensitivity is largest for M =~ 2"~! (d ~ 0.5) and smallest
for M close to 0 or 2".

The statistical error from the measurement arises from the
probabilistic nature of QPE. A single measurement returns
the correct closest value with probability at least 4/m% ~
0.405 [32]. Adding m extra qubits increases the probability
to1—1/(2m+! —2).

417



418

The ambiguity of M vs. 2™ — M arises from the fact that |¢)
is a superposition of two eigenvectors of the Grover operator
with phases # and —6. QPE can return an estimate of either
M or 2" — M. In post-processing, QPE yields the unordered
pair {M ,N—M }; the two values are indistinguishable from
the phase alone. We therefore report both candidates natively
rather than silently collapsing to min(M, N — M), which
coincides with the true count only when M < N/2 and is
wrong when M > N/2.

Selecting the correct branch requires one bit of side in-
formation: whether d < 1/2 or d > 1/2. This bit can be
obtained by classical Monte-Carlo sampling of ¢: with § =
O(y~%log(1/6)) random evaluations, where v = |d — 1/2|,
the side of 1/2 is decided correctly with confidence 1 —4. The
procedure is cheap when d is bounded away from 1/2 and
degrades as v — 0; for d = 1/2 the branch is genuinely un-
determined, which we leave as an open problem. Importantly,
the absolute reliability error incurred by a wrong branch is
|1 — 2d|: it is largest exactly where - is largest (and the bit
is easiest to obtain) and vanishes as d — 1/2 (where the bit
is hardest), so the reliability estimate is robust even though
the count semantics remain ambiguous at d = 1/2. The two-
eigenvector origin of this ambiguity is well known [33].

Median Amplification: To increase reliability, the entire
quantum counting procedure is run R times independently and
the median of the R estimates is taken. For a single run success
probability p > 1/2 and R = O(log(1/d)) runs, the total
failure probability is less than 4.

C. Diffuser Global Phase

A subtle but critical technical issue was identified during
implementation. The standard implementation of the diffuser
D = 2y (| — I through the sequence H, X, multi-
controlled Z, X, H actually realizes —(2 |¢) (¢)| — I). The
extra negative sign is a global phase that has no effect on the
measurement probabilities in the Grover search itself.

However, in QPE, the global phase becomes the relative
phase between the control and working registers. The Grover
operator G with an extra —1 has eigenvalues —e*"? = ¢#(7+0)
instead of e**’. QPE then estimates the phase shifted by ,
giving an incorrect M.

The compensation is straightforward: a global phase 7 is
added to the Grover operator (in Qiskit: gc.global_phase
+= np.pi), turning —G into G. This is an important insight
for reproducibility, as many quantum counting implementa-
tions overlook this detail.

D. Limitations of Simulation

Simulating a quantum circuit on a classical computer
requires storing a state vector of size 2(T"TSt1 complex
numbers (16 bytes each). For a quantum counting circuit with
a total number of qubits £ + n + s + 1, this is an exponential
memory requirement. In practice, the simulation is feasible
for a total number of qubits up to about 25-28 on common
hardware (32 GB RAM).
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This is not a limitation of the algorithm itself, but of the
simulator. On a real quantum computer, quantum counting
would run with O(poly(n) - 2*/2) complexity without expo-
nential memory. Current quantum hardware (e.g., IBM Eagle,
127 qubits) has a sufficient number of qubits, but gate error
rates (~1072 for two-qubit gates) and decoherence prevent
meaningful computation without error correction for non-
trivial systems.

VIII. IMPLEMENTATION AND EXPERIMENTS

This section presents the implementation details and ex-
perimental evaluation. All experiments were conducted using
the Qiskit statevector simulator on a workstation with 32 GB
RAM. The complete implementation is available on GitLab.

A. Implementation

The algorithm was implemented in Python using the Qiskit
framework (version 2.3.1) and the Qiskit Aer simulator [34].
The implementation consists of five modules:

e oracle.py — OracleSynthesizer class converts
a netlist to a quantum oracle. It supports two modes:
standard (one ancilla qubit per gate) and optimized with
ancilla qubit recycling. It implements gate translation,
forward pass, and uncomputation.

e quantum_counting.py — the
QuantumCounting class implements a complete
quantum counting algorithm, including construction of
the Grover operator (with global phase correction), QPE,
inverse QFT, post-processing, and median strategy.

e experiments.py — extended set of experiments:
accuracy vs. t for all systems, QPE histograms, oracle
call comparison, ancilla recycling, verification, circuit
diagram and graph generation.

e pla_parser.py — parser for the PLA format
(Espresso) with conversion to netlist. Supports multi-
output, don’t-care, and custom input names.

e pla_benchmark.py — runs the pipeline on
LGSynth’91 benchmarks with a pure classical evaluator.

B. Reference Noncoherent Systems

The algorithm was verified on five noncoherent systems
with increasing complexity. In all cases, quantum counting
returned the correct value of M, verified by classical enu-
meration of the entire state space. The results can be seen in
Table I.

TABLE I
VERIFICATION RESULTS ON REFERENCE NONCOHERENT SYSTEMS

System ¢ n|s|Qub.|t|M| d

(z1Az2) ® 23 313 11 [5] 4 |.500
(z1Va2) A ~z3 313 11 5|3 ].375
(:El @Zg) A (Zg@:ml) 413 12 [5] 4 [.250
((:E1/\:E2)\/(13/\I4))/\—\:E5 5|5 16 |6]| 7 [.219
((:E1/\:E2)\/(Z3/\I4))/\—\(1‘5/\16) 6|5 18 |7]|21].328
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Fig. 4. QPE measurement distributions for two reference systems (¢ = 6, 8192 shots). Peaks concentrate around values of y corresponding to the correct M,

confirming the algorithm’s correctness.

C. Accuracy Analysis

For all reference systems, the dependence of accuracy on
the number of QPE qubits ¢ was analyzed. The results are
summarized in Table II. The minimum ¢ required for a correct
estimate of M varies across systems.

TABLE II
MINIMUM QPE QUBITS FOR CORRECT M ESTIMATION
System ¢ n|M| d |Min.t
(z1A22) © 3 3] 45000 3
(:El \/:CQ) N —x3 313 1(.375 4
(:El @xQ) A (x3®x4) 41 4 |.250 3
((z1Az2)V(x3Aza)) A —as | 5] 7 [.219 3

A detailed analysis for the system (x; V x2) A—axg (M = 3,
d = 0.375) is shown in Table III:

TABLE III

ACCURACY VS. t FOR (z1 V x2) A 73
t | Oracle calls | M | |Ad] | Correct?
3 7 4 10.125 No

4 15 3 10.000 Yes

5 31 3 10.000 Yes

6 63 3 10.000 Yes

8 255 3 10.000 Yes

The results confirm that for noncoherent systems with
moderate truth density, ¢ ~ n/2 + 2 is sufficient for a correct
estimate of M at the tested sizes (n < 6); this does not
extrapolate to large n, where exact M requires t ~ n
(Remark 5.1). For the system with d = 0.5 (Ex. 1), even
t = 3 suffices, because § = /2 is exactly representable. For
systems with d further from 0.5, a higher ¢ is needed due to
the irrationality of the angle 6.

The first system (d = 0.5) is the easiest case, since 6 = /2
is a “nice” value exactly representable even with small ¢. The
last system (d = 0.219) is interesting in that ¢ = 3 suffices
despite the lower d, because M = 7 is sufficiently far from
N/2 = 16 for QPE to distinguish both peaks.

D. Comparison of Oracle Call Counts

The main metric of efficiency is the number of oracle
calls: the classical algorithm requires 2" calls, while quantum
counting requires ((2"/2), as shown in Table IV:

TABLE IV
ORACLE CALL COMPARISON: CLASSICAL VS. QUANTUM COUNTING

n | Classical (2") | Quantum (~2"/2) | Speedup
10 1024 32 32x

20 1048576 1024 1024 x
30 ~107 ~32768 ~32 768 %
40 ~1012 ~108 ~10%x
50 ~1015 ~3.4x107 ~3.4x107 x
100 ~1030 ~101° ~1015x

These values are theoretical, because on a simulator it is not
possible to demonstrate a time speedup, since the simulation
itself is exponential. However, the oracle call metric can be
directly computed and compared.

E. LGSynth’91 Benchmarks

The PLA format parser was successfully applied to three
benchmarks from the LGSynth’91 suite. The results are pre-
sented in Table V.

Classical verification using a pure Python evaluator (inde-
pendent of the Qiskit simulator) confirmed the correctness of
the parser and netlist translation on all six functions. The re-
sults are consistent with expected values — for example, xor5
is a 5-input parity function with d = 0.5, and rd53 output 0
is an “at least 4 out of 5” function with M = (}) + (%) = 6.

Quantum simulation on the LGSynth’91 benchmarks was
constrained by the large circuit sizes generated by direct SOP-
to-netlist conversion. Even the smallest benchmark suitable
for quantum counting, conl output O (7 inputs, 4 terms,
13 gates), requires 20 oracle qubits in standard mode or
12 with recycling. Combined with ¢ = 8 QPE qubits needed
for sufficient resolution (since M = 68 is close to N/2 = 64),
the total circuit comprises 28 qubits and 28 — 1 = 255
controlled Grover iterations, each containing the full oracle.
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TABLE V
LGSYNTH’91 BENCHMARK RESULTS
Benchmark n | Outputs | Terms | Gates | Std. qubits | Recycl. qubits | M d
xor5 output 0 | 5 1 16 119 124 — 16 | 0.500
rd53 output 0 | 5 3 5 19 24 — 6 | 0.188
rd53 output 1 | 5 3 16 119 124 — 16 | 0.500
rd53 output 2 | 5 3 11 65 70 — 20 | 0.625
conl output 0 | 7 2 4 13 20 12 68 | 0.531
conl output 1 | 7 2 5 19 26 — 88 | 0.688

While this is within the memory capacity of a 32 GB work-
station, the transpilation and simulation time exceeds practical
limits (estimated >30 minutes per run). For the remaining
benchmarks, the SOP representation produces netlists with 19—
119 gates (24—124 oracle qubits), making simulation infeasible
without prior logic minimization.

This limitation is not inherent to the algorithm but to the
combination of (a) the SOP representation, which generates
O(k) gates per product term (where k is the number of
terms), and (b) the exponential cost of classical simulation.
On actual quantum hardware, conl output 0 would require
only 28 physical qubits — well within the capacity of current
processors (e.g., IBM Eagle with 127 qubits). The practical
path to quantum simulation of larger PLA benchmarks is logic
minimization prior to oracle synthesis: algebraic factorization
or multi-level optimization (e.g., via tools such as ABC [31])
could reduce the xor5 netlist from 119 gates to approximately
5-10, making quantum simulation feasible even on a laptop.

IX. CONCLUSION

In this paper, we proposed and implemented an application
of the quantum counting algorithm to the computation of
the truth density of noncoherent binary-state systems. The
central contribution is a systematic procedure for synthesising
a quantum oracle directly from a compact Boolean netlist,
covering gate translation, ancilla management, and uncom-
putation, together with an explanation of why a compact
representation is essential for preserving the quantum ad-

Tested systems

vantage. The complete pipeline was implemented in Qiskit
and verified on five reference noncoherent systems with 3-6
components. Along the way we analysed ancilla recycling,
which reduced the qubit count by 18-46% on the tested
systems but proved incompatible with the standard controlled-
power QPE schedule, an implementation-level obstruction that
we document rather than dismiss. We further implemented
a parser for the PLA (Espresso) format that extends the
method to the LGSynth’91 benchmarks, and we identified and
corrected a subtle global-phase error in the diffuser that would
otherwise bias the QPE result.

Considering a system of n components, quantum count-
ing attains a complexity of O(poly(n) - 2*/2) oracle calls
against the classical O(poly(n) - 2"), a quadratic speedup in
the exponential factor. This advantage is most relevant for
noncoherent systems, where no classical method guarantees
a subexponential worst-case bound and where symbolic tech-
niques such as BDDs can still degrade to exponential size.
From a practical standpoint, reducing the number of oracle
calls from O(2") to O(2"/2) moves the topological analysis
of large noncoherent systems from the classically infeasible
regime toward problems that should become tractable on future
fault-tolerant quantum hardware.

Future Work

We identify the following directions for further research:
Logic minimization prior to oracle synthesis. As demon-
strated by the PLA benchmarks, direct SOP conversion

Scaling: classical vs. quantum
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generates large netlists. Algebraic factorization, technology-
independent optimization (e.g., via the ABC tool from Berke-
ley), or BDD-based synthesis would significantly reduce oracle
size and enable simulation of larger systems.

Compatible ancilla qubit recycling. The identified incom-
patibility with QPE could be addressed by modifying the
recycling strategy. For example, by dividing the circuit into
“blocks” where recycling is performed only between blocks,
not inside controlled operations. Alternatively, a compute-
uncompute-recompute pattern could be used, where the en-
tire block is uncomputed and recomputed with a new qubit
assignment.

Iterative QPE (IQPE). Instead of a ¢-qubit counting regis-
ter, a single qubit can be used and the measurement repeated ¢
times with adaptive feedback [27]. This dramatically reduces
the total qubit count at the cost of multiple sequential runs.
A related QFT-free alternative that achieves the same (0(2"/2)
complexity using only Grover iterations without QPE has been
proposed by Aaronson and Rall [26].

Testing on real quantum hardware. Current hardware
(e.g., IBM Eagle, 127 qubits) has a sufficient qubit count, but
gate error rates and decoherence currently prevent meaningful
computation without error correction. Running quantum count-
ing on real hardware, even with expected failure due to noise,
would be a valuable experimental contribution documenting
the gap between theory and practice.
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