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Abstract—We consider the column generation solution
framework handling the crew rostering problem in the context
of commercial aviation. Motivated by practical requirements
arising in realistic environments, we modify the algorithmic
methodology to enable the incorporation of three special re-
striction types termed min/max, with/without and pairing, re-
spectively. Min/max restrictions impose suitable lower/upper
bounds on the number of a specific category crew members as-
signed to certain flight duties. With restrictions ensure that
crew members of a specific category assigned to certain flight
duties are coupled with crew members of another specific cate-
gory. Without restrictions forbid the simultaneous assignment
of crew members belonging to two distinct specific categories to
certain flight duties. Finally, pairing restrictions dictate that the
number of crew members of each of two mutually exclusive,
but collectively exhaustive, categories assigned to certain flight
duties with even total crew complement is also even. After
properly adjusting the algorithmic methodology for accommo-
dating these restrictions, we present computational results
demonstrating how their incorporation affects algorithmic be-
havior and computational performance.

Index Terms—Column generation, branch & price, commer-
cial aviation, airline management, crew rostering, min/max re-
strictions, with/without restrictions, pairing restrictions.

I. INTRODUCTION

OLUMN generation comprises one of the most popular

solution frameworks for the efficient treatment of com-
plex decision-making problems arising in the context of air-
line management. Focusing on the algorithmic variation that
handles the crew rostering problem, we incorporate into the
column generation methodology three special types of re-
strictions for accommodating practical user requirements
arising in realistic environments. These restrictions are ap-
plicable to flight duties with crew complement strictly
greater than 1, i.e., flight duties that must be assigned to
more than 1 crew members.

The first restriction type, termed min/max, imposes a
lower/upper bound on the number of crew members of a
specific category assigned to some flight duty. The second
restriction type, termed with/without, is distinguished into
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two sub-types. With-type restrictions ensure that the assign-
ment of a specific category crew member to a certain flight
duty is only allowed if a crew member of another specific
category is also assigned to the same flight duty. Without-
type restrictions, on the other hand, forbid the simultaneous
assignment of crew members belonging to two distinct spe-
cific categories to the same flight duty.

The last restriction type, termed pairing, necessitates the
existence of some attribute/characteristic with only two crew
categories involved, such that any crew member always be-
longs to exactly one of the two by default. Such a restriction
dictates that the number of crew members of each of these
two categories assigned to some specific duty with even to-
tal crew complement must also be even, in order to mini-
mize relevant crew handling costs which increase consider-
ably otherwise.

We develop the methodology for incorporating the above
restrictions into the column generation algorithmic variation
handling the crew rostering problem. This includes the mod-
ification of the master problem formulation for ensuring
their satisfaction, as well as the suitable adjustment of the
column generation subproblem for ensuring they are prop-
erly taken into consideration within the pricing algorithmic
procedure.

The main contribution of the present work is the exten-
sion of the fundamental column generation framework for
enabling the accommodation of special restrictions arising in
realistic environments. Besides illustrating how these restric-
tions can be properly handled, the current research provides
valuable insight for the treatment of similar restriction types
that may arise in different situations.

The remainder of this work is structured as follows. Sec-
tion 2 presents a literature review on solution algorithms for
aircrew rostering, while Section 3 presents the problem defi-
nition and develops the model formulation. Section 4 devel-
ops the associated algorithmic implementation, while Sec-
tion 5 presents computational results drawn from realistic
experiments. Finally, Section 6 summarizes this work and
suggests fruitful directions for future research.

Thematic Session: Computational Optimization
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II. LITERATURE REVIEW

A large number of decision-making problems arising in the
regular operation of commercial aviation, such as tail assign-
ment [1] and trainee assignment [2], necessitate the employ-
ment of sophisticated optimization models and solution algo-
rithms. Aircrew rostering [3] comprises one of the most
widely studied relevant problems, due to its high complexity,
its tremendous significance, and its wide applicability.

Typically, the crew rostering problem is considered within
the context of the crew scheduling framework [4], which, be-
sides the crew rostering problem, also includes the problem
of constructing pairings through the integration of flight legs,
off days, rests, training duties, etc., termed crew pairing [5].

Three are the most common design schemes for the aircrew
rostering problem. The first one, often referred to as fair as-
signment in the related literature, optimizes an objective en-
compassing the duty non-coverage cost, as well as the aggre-
gate soft quality cost of the crew rosters [6]. The second one,
typically termed preferential bidding system in the related lit-
erature, also minimizes the duty non-coverage cost as primal
objective, but instead of secondarily optimizing soft quality,
it optimizes the cost related to preference satisfaction with re-
spect to specific crew requests that have been expressed in
advance [7]. These two schemes comprise two different ver-
sions of the so-called personalized crew rostering framework.
The third one, termed bidline rostering, builds a set of anon-
ymous rosters in advance, with the final group schedule ob-
tained after each crew member expresses specific preference
for roster assignment [8]. The special restriction types intro-
duced above are considered in the context of the personalized
version of the crew rostering problem; therefore, we focus on
this problem variation in what follows.

Column generation [9] comprises one of the major break-
throughs for the solution of the aircrew rostering problem.
Ryan [10] formulates a set partition optimization model,
which employs a specialized column generation approach to
solve the LP relaxation of the master problem to near optimal-
ity, and then employs branch & bound to obtain an integer
solution using the column variables that have been identified
so far. Gamache et al. [11] formulate a set-partition optimiza-
tion model for the aircrew rostering problem, utilizing a heu-
ristic column generation-based methodology for identifying
integer solutions.

Fahle et al. [12] develop a column generation heuristic so-
lution algorithm for the problem, which exploits constraint
programming in the shortest path pricing subproblem for han-
dling the computational difficulties raised by the complex
rules/regulations each crew roster needs to comply with.

The solutions returned by heuristic algorithms often exhibit
moderate quality; this has motivated the development of exact
methodologies such as branch & price [13] for the treatment
of the problem. Branch & price comprises an innovative ex-
tension of branch & bound that ensures exact optimality by
employing column generation in each node of the branching
tree. It has been exploited for the solution of numerous deci-
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sion-making problems arising in the regular operation of com-
mercial aviation, such as logistics planning [14], [15], gate
assignment [16] and vacation planning [17].

One of the earliest works on branch & price is that of
Desrosiers et al. [ 18], although the specific term for this meth-
odology was later introduced by Barnhart et al. [19] who il-
lustrate its application on the generalized assignment and the
crew scheduling problem. Gamache and Soumis [20] present
an exact branch & price solution methodology for a rostering
problem variation that includes crew requests, which, instead
of assigning in advance a specific subset of these requests,
incorporates them into the optimization procedure. More in-
formation on column generation methodologies for aircrew
rostering can be found in the survey of Kasirzadeh et al. [21].

III. PROBLEM DESCRIPTION & MATHEMATICAL
FORMULATION

We consider the crew rostering problem in the context of
commercial aviation, which aims to build rosters (schedules)
for assignment to a crew member group, while optimizing an
aggregate objective function. A crew roster is formed by se-
lecting a proper subset of duties respecting the active legality
restrictions imposed by air safety regulations and govern-
ment/union agreements. The specific duty selection pre-
scribes an associated cost, which reflects the extent to which
the roster exhibits certain desirable quality characteristics
aimed at increasing crew satisfaction and operational effi-
ciency. The problem objective includes the duty non-cover-
age cost and the roster quality cost, with the former exhibiting
higher priority, due to its indisputable superior significance.

The activities subject to coverage include flight duties
called pairings and ground duties called standbys. Each pair-
ing is formed by connecting a subset of pairwise temporally
and locally compatible flight legs, coupled with rest periods.
Temporal compatibility necessitates that the arrival time of
each flight leg precedes the departure time of the immediately
next one, while local compatibility necessitates that the arri-
val airport of each flight leg coincides with the departure air-
port of the immediately next one. Each pairing must begin and
end at the corresponding crew group airport home base. Each
standby, on the other hand, is a stand-alone independent duty,
typically characterized by its service location (home, airport),
as well as by its service time (morning, evening, night, etc.).

Column generation is a specialized algorithmic procedure
for handling linear programming problems with an exponen-
tially large number of decision variables. In the aviation con-
text under consideration, each of these variables corresponds
to a crew roster. Instead of explicitly enumerating all of them,
a task that would necessitate an extraordinary amount of time,
the column generation algorithmic approach formulates a so-
called restricted master problem including a very small subset
of them, which is moderately being enriched with additional
beneficial ones until the optimal solution is obtained.

The criterion exploited for identifying these extra variables
is their reduced cost with respect to the optimal solution of the
master problem LP relaxation. The involved computations are
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performed by a shortest path network optimization problem
termed pricing subproblem. This problem is invoked numer-
ous times along algorithmic execution, each time identifying
new beneficial rosters for addition to the master problem.

The pricing subproblem ensures satisfaction of the com-
plex hard rules that each roster needs to respect for the asso-
ciated crew member in isolation. Typical examples of such
restrictions are the imposition of an upper bound on the total
flight time, the requirement that a rest period of specific min-
imum duration is ensured after certain long-lasting duties, and
the imposition of a lower bound on the number of off-work
days. In addition, each roster must respect the set of preas-
signed activities which may have been appended in advance
to the monthly plan of the crew member under consideration.

On the other hand, rules applicable to the entire crew group
are handled at the master problem level. An example of such
a restriction is the satisfaction of a specific upper bound on
the total number of days off from work assigned collectively
to the crew group for a given day of the planning horizon. The
special restrictions we consider in this research work must
also be satisfied combinedly by all crew members.

For the formulation of the master problem, we introduce
the following mathematical notation:

Sets:

I: set of crew members, indexed by i.

R;: set of rosters of crew member i, indexed by .

D: set of standby/pairing duties, indexed by d.

Parameters:

cii: quality cost of roster j of crew member i, i€/, j€R;,

h: cost for each uncovered unit of duty complement,

bg: crew complement of duty d, deD,

ajjq: binary parameter that takes the value 1 if roster j of
crew member i includes (covers) duty d, and 0 otherwise, i €],
J€R;, deD.

Decision variables:

x;: binary decision variable that takes the value 1 if roster j
is assigned to crew member i, and 0 otherwise, i €l, j€R;,

yq: integer slack decision variable denoting the number of
complement units of duty d that remain uncovered, d€eD.

Utilizing the above notation, the master problem is formu-
lated as follows:

Min Yie; Yjer, Cij - Xij + Xaep h " Ya (1)
s.t. Z]-ERixi]- = 1, iel (2)
Ya + Yier Xjer; %ija * Xij = ba, d €D 3)

x;j €B={01},y, €Z*,i€l,jER;,dED (4)

The objective function (1) minimizes the total system cost,
which includes the cost of uncovered duties plus the roster
quality cost. Cost coefficient / is always much larger than cost
coefficients c;, imposing the lexicographic priority between
the two objective terms. Constraint set (2) includes one mul-
tiple choice constraint for each crew member, ensuring the
assignment of exactly one among all the alternative rosters.
Constraint set (3) monitors duty coverage based on the as-

signed rosters; slack variable y, is equal to the number of un-
covered complement units, imposing the corresponding ob-
jective cost in case it becomes positive. Finally, constraint set
(4) imposes integrality restrictions on the decision variables.

IV. SPECIAL RESTRICTIONS’ INCORPORATION

The crew rostering problem is typically solved separately for
each crew position. The complement of a duty is equal to 1
when only one crew member holding the position under con-
sideration needs to be assigned to it. This is common for po-
sitions such as CP (captain) and FO (first officer). On the
other hand, the number of FAs (flight attendants) that need to
be assigned to a duty is naturally an integer greater than 1.

In realistic commercial airline environments, crew mem-
bers typically belong to specific categories, based on their
particular attributes/characteristics. Some examples include
categories reflecting experience level (junior, senior, etc.),
language knowledge (Chinese, French, German, etc.), and
origin (Asian, European, etc.). The three restriction types un-
der consideration pertain exclusively to duties with comple-
ment strictly greater than 1, i.e., duties d€D for which b,> 1.
In the following subsections, we elucidate in detail the corre-
sponding requirements and setting parameters for each of
them. For this analysis, we extend the mathematical notation
introduced in the previous section with two additional sets:

Sets:

G: set of crew categories, indexed by g.

G;: set of crew categories of crew member i, i €].

A. Min/max Restriction Type

A min/max restriction type imposes a lower/upper bound on
the number of crew members of a specific category assigned
to some particular duty. For example, a min-type restriction
may impose the requirement that at least two Chinese speak-
ing crew members are assigned to some pairing, while a max-
type restriction may impose the requirement that at most one
junior crew member is assigned to it.

To accommodate a max-type restriction, we add to the mas-
ter problem formulation a less or equal (<) constraint with
right-hand side equal to the corresponding upper bound. In the
left-hand side, this constraint is meant to include the rosters
of crew members belonging to the specific category for which
the restriction is imposed, provided that they include (cover)
the duty to which the rule applies. Let M €G and p €D denote
this crew category and duty, respectively, and u be the speci-
fied upper bound. Mathematically, the max restriction is ex-
pressed with the following constraint:

Dic:Mec; Ljer; Qijp " Xij S U (5)

A generated roster is appended to the left-hand side of this
constraint, if and only if it satisfies the category-duty combi-
nation specified by the rule. Clearly, the inclusion of this con-
straint and its proper population with rosters ensure satisfac-
tion of the max-type restriction upon algorithmic termination.

Consider a min-type restriction next. Following a similar
approach, one could add to the master problem a greater or
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equal (>) constraint with right-hand side equal to the corre-
sponding lower bound. The decision of whether a generated
roster should be appended to the left-hand side of this con-
straint would similarly necessitate the check of whether it sat-
isfies the corresponding category-duty combination. A diffi-
culty that arises in this case, however, is that this modeling
choice leaves open the possibility of infeasibilities, since the
presence of crew rosters which are necessary for constraint
satisfaction in the left-hand side cannot be guaranteed. To
give a particular example, the solution that consists of empty
rosters (no duties covered), commonly used for initializing the
master problem, cannot be utilized under this modeling ap-
proach, because it renders the master problem infeasible.

To circumvent this difficulty, we express a min-type re-
striction as a less or equal constraint with right-hand side
equal to the difference between the total complement of the
associated duty and the corresponding lower bound imposed
on the number of crew members of the specific category. Us-
ing a similar but reverse logic as the one adopted in the case
of a max-type restriction, the left-hand side of this constraint
is meant to include rosters covering the duty in question
which pertain to crew members that do not belong to the cat-
egory specified by the rule. This adjustment is clearly equiv-
alent to the imposition of the desirable lower bound on the
number of crew members of the specific category prescribed
by the rule. This modeling approach handles properly poten-
tial master problem infeasibilities, since the constraint is still
satisfied even when its left-hand side is empty. Let M &G and
p€D denote the crew category and duty, respectively, for
which the restriction applies, and / be the specified lower
bound. Mathematically, this restriction is expressed with the
following constraint:

Dier:Mec; Rjer; Qijp " Xij < by — 1

(6)
B. With/without Restriction Type

Moving on to the next case, a with-type restriction imposes
the requirement that for each crew member of a specific cate-
gory assigned to a particular duty, a crew member of another
specific category must be assigned to the same duty, too. For
example, a with-type restriction may dictate that each junior
crew member assigned to some duty must be accompanied by
a senior crew member. This one-to-one coupling restriction
works only in one direction, i.e., the total number of junior
crew members assigned to the duty cannot exceed the total
number of senior crew members, whereas the opposite is
clearly permissible. For simplicity, we call the former crew
members dependent and the latter ones independent. As far as
the involved crew categories are concerned, the convention is
that any given crew member can be dependent, independent,
or neither of the two, but a crew member cannot be both de-
pendent and independent simultaneously.

To incorporate a with restriction, we add to the master
problem formulation a less or equal (<) constraint. This con-
straint is meant to include in its left-hand side the rosters of
dependent crew members covering the duty in question, and
in its right-hand side the rosters of independent crew members
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covering this duty. This ensures that the number of dependent
crew members to which the duty will be assigned will not ex-
ceed the number of independent ones, without imposing any
restriction, whatsoever, on the latter ones. Let MG denote
the dependent crew category, M>EG denote the independent
one, and p€D denote the duty for which the restriction ap-
plies. Mathematically, this restriction is expressed with the
following constraint:

ZiEI:MleGi ZjERi Qijp " Xij = ZiEI:MZEGiZjERi aijp - X (7)

A without-type restriction, on the other hand, imposes the
requirement that the number of crew members assigned to a
given duty must be equal to 0 for at least one of two specified
crew categories, the convention being again that any crew
member can belong to neither or one of the two, but no crew
member can belong to both of them at the same time.

To incorporate this restriction, we add to the master prob-
lem formulation two less or equal (<) constraints, as well as a
binary auxiliary decision variable. The right-hand side of the
first constraint is set equal to the duty complement multiplied
by this variable, while that of the second constraint is set equal
to the duty complement multiplied by one minus this variable.
Each of the two constraints is meant to include in its left-hand
side rosters of crew members belonging to one of the two
specified categories covering the duty in question. Let M €G
and M, €G denote the corresponding crew categories, p €D de-
note the duty for which the restriction applies, and z be the
auxiliary decision variable. Mathematically, this restriction is
expressed with the following two constraints:

DiclMye6; Ljer; Qijp " Xij S by Z )

YicrMyec; 2ijer; Aijp * Xij < bp - (1= 2) )

The binary nature of z ensures that the right-hand side of
one of these two constraints is equal to 0, while that of the
other one is equal to the corresponding duty complement.
This way, the number of crew members assigned to this duty

is always equal to 0 for one of the two specified categories,
with no restriction, whatsoever, imposed on the other one.

C. Pairing Restriction Type

The final restriction type we consider necessitates the exist-
ence of two mutually exclusive but collectively exhaustive
crew categories, such that any crew member always belongs
to exactly one of the two. An extra prerequisite for the activa-
tion of this restriction is that the crew complement of the duty
in question is even; when this is the case, the pairing-type re-
striction requires that the number of crew members assigned
to this duty for each of the two specified categories is even,
too. The aim is to avoid extra costs which arise when the crew
members of these two categories are not treated in pairs.

To express a pairing-type restriction, we add to the master
problem formulation an equality (=) constraint whose right-
hand side is equal to an integer auxiliary variable multiplied
by 2. The left-hand side of this constraint is meant to include
the rosters of crew members belonging to one of the two spec-
ified categories which cover the duty in question. This way,
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the sum of these crew members is ensured to be an even num-
ber (0, 2, 4, etc.). Let M €G denote any of the two correspond-
ing crew categories, p €D denote the duty to which the re-
striction applies, and w be the auxiliary decision variable.
Mathematically, the pairing-type restriction is expressed with
the following constraint:

ZieI:MEGiZjERi Qijp X5 =2-w

(10
D.Algorithmic Modifications

After incorporating the special restrictions as illustrated
above, some proper algorithmic modifications are deemed
necessary for the column generation methodology, as ex-
plained next. The first one concerns the proper initialization
of the master problem formulation. Although the master prob-
lem is typically initialized with an empty roster for each crew
member, rosters containing a proper subset of duties may al-
ternatively be utilized to this end in some cases ([22], [23]).
When this is the case, the special constraints need to be pop-
ulated with the initial roster variables, based on the associated
crew categories and duties covered.

The next algorithmic modification regards the shortest path
pricing subproblem. Each time a partial roster is extended
through the inclusion of an additional duty, a check of
whether the inclusion of this duty necessitates the population
of some special constraints with the associated roster variable
needs to be performed. In such a case, the dual variables as-
sociated with those constraints need to be taken into consid-
eration for the computation of this roster variable’s reduced
cost. In addition, if this roster is deemed promising upon con-
clusion of the pricing subproblem and its addition to the mas-
ter problem is decided, the associated roster variable should
be appended to the proper special constraints.

V. COMPUTATIONAL RESULTS

In this section, we present computational results from realistic
experiments for assessing how the inclusion of the special
constraint types affects the computational performance of the
column generation solution framework. For the execution of
these experiments, we have exploited our long-term research
collaboration with AIMS INTL DWC LLC [24], one of the
largest worldwide providers of commercial airlines’ opera-
tions management software.

Since 1983, AIMS has been engaged in the development of
a specialized software package which facilitates the support
and coordination of numerous airline operations, such as air-
crew management, fleet planning, flight scheduling, etc.
Among others, the AIMS software includes sophisticated so-
lution algorithms for the treatment of complex decision-mak-
ing problems encountered in commercial aviation, such as
pairing generation, crew rostering, flight and maintenance
scheduling, vacation planning, etc.

The proposed model extension incorporating the special re-
strictions under consideration has been fully implemented
within AIMS software. The execution of the computational
experiments for which results are presented next was per-
formed on live databases of AIMS’ airline clients to which

AIMS holds access for maintenance and support purposes.
The actual code includes several specialized techniques for
avoiding excessive computational times, such as limits on the
size of the branch & price tee, integrality gap tolerances, exe-
cution time limits, etc. These techniques are not fixed but
have been properly customized depending on the special char-
acteristics of each particular airline client.

The source code interacts with commercial optimization
software IBM ILOG CPLEX [25], which performs various
specialized operations necessitated for algorithmic execution.
All the computational experiments were executed on an Intel
(R) Core (TM) i7-1165G7 @ 2.80GHz Processor with 16 GB
system memory. Computer processors employed in realistic
environments exhibit superior technical characteristics, lead-
ing to significantly higher computational performance.

We tested the proposed methodology on 12 realistic crew
rostering problem instances, each time with Flight Attendants
(FA) as the crew position subject to assignment. Table 1 pre-
sents the data parameters of these instances, i.e., the problem
index (i), the number of crew members (), the number of
duties (standbys + pairings) subject to assignment (D) and the
total complement (7C), computed as the weighted sum of the
duties, with weights the corresponding crew complements.

TABLE I.
DATA PARAMETERS OF THE PROBLEM INSTANCES

i N D Cc
1 1061 | 787 | 3675
2 1089 | 801 | 3918
3 1104 | 832 | 4194
4 1073 | 799 | 3876
5 1128 | 867 | 4233
6 1102 | 809 | 4051
7 1239 | 984 | 5332
8 1255 | 991 | 5498
9 1247 | 965 | 5154
10 | 1118 | 863 | 4349
11 1094 | 796 | 4042
12 | 1139 | 880 | 4426

The next 5 tables present the results of these experiments.
Specifically, Table 2 presents the results when no special re-
strictions are present, Table 3 only with min/max-restrictions
activated, Table 4 only with with-restrictions activated, Table
5 only with without-restrictions activated, and finally, Table
6 only with pairing-restrictions activated. Note that the same
12 problem instances were tested in all 5 model variations.

All these tables, besides the first one, include a column la-
beled “# SR”, which presents the actual number of activated
special restrictions. The next 3 columns present the obtained
results, i.e., the time required for the solution of the master LP
relaxation at the root node of the branch & price tree (LP
Time), the time required for obtaining the final integer solu-
tion (/P Time) and the number of nodes of the branch & price
tree (Nodes). The computational time results are presented in
the form HH:MM:SS, where HH shows the number of hours,
MM the number of minutes and SS the number of seconds.
Note that the /P Time results are not reported in isolation, i.e.,
they include the associated LP Time counterparts.
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The computational times reported in the following tables
pertain exclusively to the column generation algorithmic
methodology. The actual computational times are practically
10-15% higher, since they also include processing time for
database access, parameter information loading, as well as
several pre-processing procedures which need to be executed
before the column generation solution framework is invoked.

TABLE II.
COMPUTATIONAL RESULTS - NO SPECIAL RESTRICTIONS

i LpTime IpTime Nodes
1 10:25:48 20:36:12 1821
2 11:08:03 21:49:57 1833
3 11:27:13 22:47:36 1871
4 11:03:36 22:55:12 1859
5 12:50:48 25:43:48 1921
6 11:52:31 24:40:49 1863
7 15:26:12 31:00:48 1997
8 16:06:29 33:00:36 2015
9 15:54:19 32:52:31 2005
10 15:12:30 31:23:44 1919
11 12:45:09 25:50:24 1905
12 16:03:14 32:03:18 1957
TABLE III.

COMPUTATIONAL RESULTS - ONLY MIN/MAX SPECIAL RESTRICTIONS

i | #SR LpTime IpTime Nodes
1 57 10:38:17 | 20:49:36 1835
2 65 11:21:42 | 22:45:25 1867
3 83 11:39:28 | 23:28:11 1893
4 78 11:21:03 23:38:26 1861
5 69 13:15:33 26:40:49 1939
6 81 12:00:15 | 25:29:18 1893
7 70 16:07:01 32:34:18 2009
8 97 16:23:08 33:43:23 2027
9 95 16:16:12 | 33:46:44 2045
10 80 15:44:48 32:11:27 1945
11 76 13:18:12 | 26:51:07 1925
12 82 16:38:17 | 33:32:04 1985
TABLEIV.
COMPUTATIONAL RESULTS - ONLY WITH SPECIAL RESTRICTIONS
i | #SR LpTime IpTime Nodes
1 73 10:53:09 21:07:16 1849
2 88 11:39:33 23:12:05 1859
3 64 11:54:51 23:18:34 1881
4 71 11:31:10 24:22:56 1877
5 69 13:04:22 26:31:33 1919
6 70 12:14:18 25:38:04 1897
7 63 15:46:29 32:53:10 2019
8 82 16:49:13 33:04:51 2015
9 57 16:31:47 34:37:23 2079
10 62 15:41:56 32:18:19 1927
11 70 13:23:04 27:40:53 1937
12 75 16:31:39 34:14:41 1997
TABLE V.

COMPUTATIONAL RESULTS - ONLY WITHOUT SPECIAL RESTRICTIONS

i | # SR LpTime IpTime Nodes
1 26 10:41:11 21:28:32 1859
2 35 11:49:08 | 25:31:27 2011
3 19 11:35:16 23:50:44 1897
4 38 11:59:23 | 26:07:16 1977
5 21 13:11:28 26:33:55 1943
6 12 12:01:30 25:36:47 1881
7 15 15:51:39 32:09:36 2011
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8 26 16:25:27 35:11:58 2053
9 18 16:18:40 33:52:09 2053
10 33 15:27:12 | 34:56:19 2033
11 24 13:14:22 | 28:01:33 1989
12 17 16:24:04 33:17:29 1993
TABLE VI.
COMPUTATIONAL RESULTS - ONLY PAIRING SPECIAL RESTRICTIONS
i | #SR LpTime IpTime Nodes
1 12 10:49:41 21:32:37 1853
2 13 11:37:52 22:59:20 1871
3 10 11:47:02 23:37:52 1881
4 13 11:39:14 23:11:33 1871
5 12 13:01:29 26:30:53 1963
6 13 12:08:29 25:51:37 1891
7 12 15:45:18 | 46:39:33 5305
8 13 16:34:11 33:51:21 2045
9 10 16:24:03 | 37:17:44 2193
10 10 16:09:57 | 41:45:56 3627
11 12 13:06:09 27:57:29 1957
12 13 16:23:14 34:43:05 2009

As the above results demonstrate, the min/max, and the
with restriction types do not appear to increase the computa-
tional times considerably; the without and the pairing re-
striction types, on the other hand, result in substantially higher
computational times for some problem instances (highlighted
in bold). An interesting relevant observation regards the fact
that the size of the branch & price tree also appears to be sig-
nificantly larger in those problem instances, as depicted by the
corresponding number of tree nodes.

An important observation that provides valuable insight
into this behavior is the fact that the imposition of the without
and the pairing restriction types necessitates auxiliary deci-
sion variables, whereas that of the min/max and the with re-
striction types does not. Combined with the fact that a solution
in which all roster variables satisfy the integrality constraints
may still fail to be feasible simply because the associated aux-
iliary decision variables do not, this observation helps justify
why some computational times are significantly higher.

To provide a specific example for the without restriction
type, consider the case of a duty with total complement equal
to 4. A solution in which all roster variables are integer may
assign to this duty two crew members of the first of the mutu-
ally exclusive crew categories and two of the second one, with
the corresponding auxiliary variable being equal to 0.5, and
thus failing to satisfy integrality.

Similarly, a solution in which all roster variables are integer
may assign to a duty with an active pairing restriction three
crew members of the specified crew category, with the corre-
sponding auxiliary variable being equal to 1.5, and thus fail-
ing to satisfy integrality.

Of course, the algorithmic methodology can always back-
track and reverse previously made poor branching decisions
that lead to such pitfalls, but this is both time consuming and
tedious. The branching strategy (choice of the next decision
variable on which branching is performed) is a vital element
of the algorithmic methodology that can crucially affect com-
putational performance; consequently, several alternative
branching schemes have been proposed in the literature [26].
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Based on proper experimentation, in our algorithmic im-
plementation we adopt the strategy of branching on the largest
fractional variable. For roster variables, the branch on 1 deci-
sion assigns a specific roster to the corresponding crew mem-
ber, while the branch to 0 decision prohibits this assignment.
For a without auxiliary decision variable, each of the two
branching values determines which of the two mutually ex-
clusive crew categories can be assigned to the duty in ques-
tion. Finally, for a pairing auxiliary decision variable, each of
the two branches imposes an even number as a lower/upper
bound on the number of crew members of the associated crew
category assigned to this duty.

To circumvent the computational effort challenges that can
potentially arise in the presence of without and/or pairing re-
strictions, we adopt a slightly different branching strategy.
Specifically, we give higher branching priority to the auxil-
iary decision variables associated with the special restrictions,
and we do not choose to branch on a roster variable unless all
of them are integer valued.

This is a very crucial algorithmic amendment that improves
computational performance significantly, as justified by addi-
tional computational results presented next. The rationale mo-
tivating its adoption is that it avoids feeding the algorithmic
implementation with misleading information that would sig-
nificantly deteriorate its performance.

More specifically, in the case of a without restriction type,
it clarifies in advance which of the two mutually exclusive
crew categories will be freely assigned to the duty in question
and which will be prohibited from assignment, thus assisting
the algorithm in deciding earlier which particular roster vari-
ables will be used to this end. Similarly, in the case of a pair-
ing restriction type, it excludes in advance the assignment of
the intermediate odd number of crew members to the duty in
question, which would otherwise appear as feasible if the aux-
iliary variable assumed a fractional value.

Failing to adopt this strategy in case of a without restriction
type often leads the algorithm to assume that both mutually
exclusive categories can be assigned to the duty in question
simultaneously, which results in a large number of roster as-
signment decisions that need to be reversed in order to reach
a feasible solution. Similarly, failing to adopt it in case of a
pairing restriction often leads the algorithm to assume that an
odd number of the specified category crew members can be
assigned to the duty, which, in a similar way, necessitates the
reversion of a large number of roster assignment decisions in
order to reach a feasible solution.

The next two tables present computational results for the
above problem instances with the same without and pairing
restriction types activated, the only difference being that the
strategy of not branching on a roster variable unless all with-
out/pairing auxiliary decision variables are integer-valued is
adopted (we use the term without/pairing priority branching
for this strategy). In the presence of many fractionally valued
auxiliary decision variables, the algorithm chooses to branch
on the one with the largest value.

TABLE VIL
COMPUTATIONAL RESULTS - ONLY WITHOUT SPECIAL RESTRICTIONS -
WITHOUT PRIORITY BRANCHING

i LpTime IpTime Nodes
1 10:37:11 21:21:17 1841
2 11:44:08 | 23:53:52 1893
3 11:38:27 | 24:01:16 1885
4 12:01:37 | 24:41:28 1879
5 13:14:52 | 26:24:08 1951
6 12:00:19 | 25:21:12 1869
7 15:54:42 32:13:29 2017
8 16:24:13 33:51:05 2029
9 16:16:04 33:08:59 2031
10 | 15:24:43 33:17:33 1951
11 | 13:07:14 | 27:08:27 1947
12 | 16:18:40 32:37:11 1977
TABLE VIIL

COMPUTATIONAL RESULTS - ONLY PAIRING SPECIAL RESTRICTIONS -
PAIRING PRIORITY BRANCHING

i LpTime IpTime Nodes
1 10:45:04 | 21:17:02 1837
2 11:35:52 | 22:26:11 1841
3 11:43:03 | 23:39:28 1875
4 11:41:35 | 23:23:57 1885
5 13:00:37 | 26:16:27 1961
6 12:05:43 | 24:58:50 1869
7 15:48:33 32:17:29 2005
8 16:37:13 33:58:40 2037
9 16:27:10 | 34:03:15 2041
10 | 16:17:26 | 35:06:22 1989
11 | 12:59:26 | 26:44:18 1937
12 | 16:25:57 | 34:31:36 2003

The above results demonstrate that the computational chal-
lenges posed by the without/pairing restriction types are han-
dled quite satisfactorily by the without/pairing priority
branching strategy. Its adoption avoids the excessively large
branch & price trees, and in turn the dramatically increased
computational times encountered sometimes otherwise. For
this reason, it has been adopted as the standard branching
strategy in the actual algorithmic implementation.

Note that the computational time required for the solution
of the master LP relaxation at the root of the branch & price
tree is independent of the adopted branching strategy. Conse-
quently, the corresponding LP Time values should coincide in
Tables 5 and 7, as well as in Tables 6 and 8. The small differ-
ences observed are negligible and can be explained by the in-
evitable variance in the computer processor’s task workload.

VI. SUMMARY AND FUTURE RESEARCH

In this research work, we have addressed the problem of in-
corporating special restrictions into column generation algo-
rithms for aircrew rostering. We considered three types of re-
strictions typically encountered in commercial aviation, and
we illustrated how the algorithmic methodology needs to be
modified for accommodating them.

Computational results from realistic problem instances in-
dicate that, in some special cases, the inclusion of some spe-
cific restriction types may lead to substantially increased
branch & price trees and, consequently, computational times.
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Mainly, this behavior appears to be present because these re-
striction types exploit auxiliary decision variables which may
provide misleading information to the optimizer if their exact
integer values have not been determined promptly.

To properly handle these difficulties, we devised a special-
ized branching strategy which gives higher branching priority
to the auxiliary decision variables. Additional computational
experiments confirm that its adoption addresses successfully
the difficulties introduced by the increased computational
times; consequently, it has been adopted as standard in the
actual algorithmic implementation.

The present research can be extended in many fruitful
ways. An interesting direction for future research involves the
development of additional special techniques for handling the
computational challenges potentially arising by the incorpo-
ration of special restrictions that involve auxiliary decision
variables. An innovative idea in that direction is to determine
the optimal integer values of these decision variables and tem-
porarily enforce them to the master LP relaxation for identi-
fying its optimal dual solution utilized for the solution of the
shortest path pricing subproblem.

Another interesting direction for future research is the in-
vestigation of how the incorporation of the special restrictions
affects the quality of the final solutions. As the present re-
search is currently in progress, we solely investigate the cor-
responding effect on computational performance; such a fu-
ture research extension will clearly render it more complete.
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