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Abstract—The stochastic Lotka-Volterra model is an infinite
Markov population model that has applications in various life
science domains. Its analysis is challenging since, besides an
infinite state space with unbounded rates, it shows strongly
fluctuating dynamics and becomes unstable in the long-run.
Traditional numerical methods are therefore not appropriate to
solve the system. Here, we suggest adaptations and combinations
of traditional methods that yield fast and accurate solutions for
certain parameter ranges of the stochastic Lotka-Volterra model.
We substantiate our theoretical investigations with a comparison
based on experimental results.

I. I NTRODUCTION

M

ORE than 80 years ago, Lotka and Volterra independently proposed the following three rules to describe
the numerical evolution of two populations in interspecific
competition [24, 30]:
1) The first population (prey) grows at rate αx, where x
represents the population of prey.
2) The second population (predator) “eats” prey and grows at
rate βxy, where y represents the population of predator.
3) The predator population decreases through natural death
at rate γy.
The solution of the corresponding system of (nonlinear) ordinary differential equations (ODEs)
dx
dt
dy
dt

=
=

αx − βxy
βxy − γy

(1)

shows sustained oscillations for positive constants α, β, γ
along the closed curves
βx − γ log x + βy − α log y = const
except if initially the system does start in the equilibrium point
x = γ/β, y = α/β. In Fig. 1(a), we plot the solution for
α = γ = 1 and β = 0.01 across time where we initially
started with x0 = y0 = 20. Since its introduction, the LotkaVolterra model became one of the most popular models in
population dynamics, but it has also been successfully applied
to neural networks [25] and game theoretic problems [16].
The stochastic Lotka-Volterra model assumes that x and y
are represented by discrete random variables X and Y and that
their evolution in time is given by a two-dimensional Markov
process {(X(t), Y (t)) , t ≥ 0} [11, 13, 20]. As opposed to
the original Lotka-Volterra model, the stochastic variant takes
into account the discreteness of the populations and their
random fluctuations. In the stochastic model, extinction of
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species is possible and, depending on the initial conditions,
the dynamics of the system can deviate drastically from the
deterministic model. Recently, generalizations of the stochastic
Lotka-Volterra model have been used to investigate the mechanisms that maintain biodiversity in Escherichia coli (E. coli)
populations [18, 19, 26]. In such generalizations, the number
of species is larger but the rules of interspecific competition
remain the same.
Here, we are interested in the transient probability distribution of the stochastic Lotka-Volterra model (cf. Section II).
It can be used to derive measures such as the distribution of
the time until extinction, the probability of extinction until
a certain time instant, the expected populations, etc. For a
transient solution of the stochastic Lotka-Volterra model, the
underlying Markov process has to be solved; this involves the
solution of a system of ordinary differential equations known
as the master equation [17]. Standard methods for the transient
solution of Markov processes are based on the numerical
integration of the differential equations, on uniformization of
the process, or on approximations in the Krylov subspace (for
an overview see [28]). An alternative approach, called method
of moments, has recently been proposed by Engblom and is
based on a deterministic approximation of the moments of the
Markov process described by the master equation [10].
Already in the case of two species, the analysis of the
stochastic Lotka-Volterra model using standard methods, such
as numerical integration methods or approximations of the
moments become inefficient or even infeasible for several
reasons. The state space is infinite in two dimensions and
it is non-trivial to truncate the state space in such a way
that the number of states in the finite truncation remains
tractable. Before one of the species becomes extinct, the
expected populations oscillate in a similar way as in the
deterministic model. Therefore the dynamics of the system
change drastically. If the population of at least one of the two
species is high, then a large number of events occur even in
small time intervals. Moreover, the rates are unbounded; that
is, the system is not uniformizable. In order to describe the
strong non-linear dependence between the two populations,
higher-order moments are necessary and a deterministic approximation of two or more moments yields poor results.
In this paper, we suggest several adaptations and combinations of standard methods that render an efficient solution of
the stochastic Lotka-Volterra model possible. We concentrate
on the numerical integration of the master equation (cf. Section III) as well as the method of moments (cf. Section IV).
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(a) Sustained oscillations of the deterministic Lotka-Volterra model.
Fig. 1.
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(b) Expected populations in the stochastic Lotka-Volterra model.

ODE solution and stochastic solution of the Lotka-Volterra model where α = γ = 1, β = 0.01, and x0 = y0 = 20.

We extend these methods in such a way that the cheap but
inaccurate method of moments becomes more accurate and the
expensive but accurate numerical integration becomes faster.
In Section V, we propose a stochastic hybrid approach that
dynamically switches between a moment-based representation
and a distribution-based representation as well as having the
ability to simultaneously use a combination of both. We
implemented all methods in C++ and performed extensive
simulations of the stochastic Lotka-Volterra model in order
to provide comparisons in terms of accuracy and run time.
Numerical experiments on a number of problems indicate that
the stochastic hybrid approach is overall the best method. It
is at least an order faster than the numerical integration of the
master equation and yields no more than a 5 % relative error
in the first moment of the transient distribution.
II. S TOCHASTIC L OTKA -VOLTERRA MODEL
We describe the transitions of the stochastic Lotka-Volterra
model in a guarded command style [1, 23]. A guarded command has the form guard |- rate -> update; and it
describes a set of transitions in the underlying Markov process.
The guard is a Boolean predicate that determines in which
states the transition is possible, the rate is the real-valued
function that evaluated in the current state gives the positive
transition rate in the Markov process, and update is the
function that calculates the successor state of the transition. Let
x and y be the positive integers that represent the populations
of prey and predator, respectively. The three different possible
transitions are given as follows:
x>0
|x > 0, y > 0 |y>0
|-

prey
predator

400
expected populations

prey
predator

400

α·x
->
β · x · y ->
γ·y
->

x := x + 1;
x := x − 1, y := y + 1;
y := y − 1;

The above guarded command model specifies the elements
of the infinitesimal generator matrix Q of a Markov process
{(X(t), Y (t)) , t ≥ 0} which takes states (x, y) in N2 . More
precisely, if for a pair (x, y) the guard is true, then the element
that belongs to (x, y) and the update of (x, y) is equal to the
rate. E.g. the row of state (2, 2) contains three positive entries.

One for the transition to state (3, 2) at rate 2α, one for the
transition to state (1, 3) at rate 4β, and one for the transition to
state (2, 1) at rate 2γ. The diagonal element is then given by
the negative sum of the off-diagonal elements. It is easy to see
that {(X(t), Y (t)) , t ≥ 0} is a regular Markov process [8].
We remark that the outflow rate from state (x, y) with x, y > 0
is (αx + γy + βxy), where α, γ, β > 0, and this rate increases
unboundedly with increasing values of x and y.
Let us fix the initial state of the system as (x0 , y0 ). Then
the transient probability distribution is given by the master
equation
d (t)
(t)
(2)
dt p (x, y) = M(p (x, y)),
where p(t) (x, y) = P {X(t) = x, Y (t) = y|X(0) = x0 ,
Y (0) = y0 }. The master operator M is defined for any realvalued function g : N2 → R such that M(g) is the function
that maps a state (x, y) to the value1
M(g(x, y)) = α(x − 1)g(x − 1, y)
+ β(x + 1)(y − 1)g(x + 1, y − 1)
+ γ(y + 1)g(x, y + 1)

(3)

− (αx + βxy + γy)g(x, y),
where α, β, γ are the rate constants as defined before and
x, y > 0. If x = 0 and/or y = 0, then the terms involving
g(x − 1, y) and/or g(x + 1, y − 1) are removed. The ordinary
first-order differential equation in (2) is a direct consequence
of the Kolmogorov forward equation and describes the change
of the probability distribution as the difference between inflow
of probability from direct predecessors (first three terms) and
outflow of probability in state (x, y) (last term).
III. D IRECT

NUMERICAL APPROXIMATION

Since no analytical solution is known for Eq. (2) and the
number of equations is infinite in two dimensions, a numerical
solution is only possible if appropriate bounds for the variables
x and y are found.
1 We assume that all terms with a negative argument are zero
(e.g. α(x − 1)g(x − 1, y) = 0 if x < 1).
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TABLE I
R ESULTS OF AN APPROXIMATE DIRECT SOLUTION OF E Q . (2).

A. Dynamic numerical integration
Here, we suggest to construct the state space in a dynamic
manner up to a certain bound. We discretize time and integrate
over small time steps. In the first step, state (x0 , y0 ) has
probability 1 and, for a time step h > 0, we integrate Eq. (2) by
considering only those states that have a non-zero probability
during the next h time units. For the numerical integration, we
use an explicit fourth-order Runge-Kutta method and thus in
each step we add the states within a distance of four transitions
from the current set of states.
The standard explicit fourth-order Runge-Kutta method applied to Eq. (2) yields the integration step [28]

p(t+h) (x, y) = p(t) (x, y)+ h6 k (1) (x, y)

(4)
+2k (2) (x, y)+2k (3) (x, y)+k (4) (x, y) ,
where h > 0 is the time step of the method. For i ∈ {1, 2, 3, 4}
the values k (i) (x, y) are defined recursively as
k (1)

= M(p(t) ),

k (2)

= k (1) + h2 M(k (1) ),

k (3)

= k (1) + h2 M(k (2) ),

k (4)

= k (1) + hM(k (3) ).

(5)

Let p̃(t) be the approximation of p(t) at time t. Given p̃(t) , we
integrate Eq. (2) for h time units as follows. Let S ⊆ N2 be the
set of states (x, y) with p̃(t) (x, y) > 0. Each state (x, y) ∈ S is
represented as an array with entries k (1) (x, y), . . . , k (4) (x, y),
p(x, y). The former four entries are initialized with 0 while
p(x, y) = p̃(t) (x, y) due to the previous integration step and,
in the first integration step, p(x, y) = 1 if x = x0 , y = y0
and p(x, y) = 0 otherwise. We have five substeps in which
we go over all elements of S to compute for each state the
four k-values as well as p̃(t+h) (x, y). In the first substep, each
state (x, y) adds the three outflow probabilities αxp(x, y),
βxyp(x, y), and γyp(x, y) to the array element k (1) of the
corresponding successor states (x + 1, y), (x − 1, y + 1), and
(x, y − 1) (see Eqs. (3) and (5)). Whenever a successor state
is not in S, we add it to S. For i ∈ {2, 3}, in the i-th substep
we first add k (1) (x, y) to the element for k (i) (x, y) and then
add h2 αxk (i−1) (x, y), h2 βxyk (i−1) (x, y), and h2 γyk (i−1) (x, y)
to the k (i) -field of the corresponding successors (x + 1, y),
(x − 1, y + 1), and (x, y − 1) (again we add successors to S
whenever they do not yet belong to S). The fourth substep is
identical to the second and third except that h2 is replaced by
h (cf. Eq. (5)). In the fifth substep, we compute for each state
(x, y) the probability p̃(t+h) (x, y) according to Eq. (4).
The dynamic numerical integration procedure described
above yields accurate approximations of the transient probability distribution p(t) of the infinite Markov process
{(X(t), Y (t)) , t ≥ 0}. Its drawback, however, is that the size
of set S becomes very large since in each integration step
states within a distance of four transitions are added. E.g. after
a computer time of five hours and a time horizon of t = 0.317
we run out of memory on a 64-bit machine with 8 GB of main

δ
1e-15
1e-14
1e-12
1e-10

run time
51h 39min
40h 51min
22h 46min
10h 12min

|S|
9e5
7e5
4e5
2e5

error
2e-7
2e-6
9e-5
6e-3

memory where we used the same parameters as in Fig. 1. At
that time instant, the state space contained about 35 million
states.
B. Inexact numerical integration
Similar to the approach in [9], we modify the numerical
integration procedure described above as follows. During the
first four substeps of the integration step, we only add new
states to set S if their probability is greater than a small
positive threshold δ. This has shown to lead to a significant
reduction of the size of S while, for most systems, the
approximation error is small. For instance, for δ = 10−15 the
size of set S at time t = 0.317 is just 0.004% of the size of
S for δ = 0, while the total probability that got “lost”, when
states with probability smaller than δ were ignored, is only
7 × 10−12 .
In Table I we list our results of approximate direct solution
of Eq. (2) for different values of δ. We analyzed the system
for a time horizon of t = 10 and used the same parameters
as in Fig. 1. For other parameters, such as those that we
used for our experiments in Section VI, the results are similar
(not shown). The column labeled |S| lists the average size
of set S, i.e. average number of states considered during one
integration step. The last column gives the total probability that
got “lost” due to the state space truncation. If the numerical
integration were exact, the values in the last column would
contain the total error of the approximation, i.e. the sum of all
absolute errors of the state probabilities. Note that the resulting
probability distributions provide full information about the
system, i.e. arbitrary moments of the distribution as well as
probability of certain events (such as extinction until time t)
can be derived.
With the proposed numerical approach, we are able to
solve the stochastic Lotka-Volterra model and accurate results
are obtained. The method is, however, rather slow whenever
the expected populations become large. This is because large
populations are represented by a large number of discrete
states, even though the relative variance is small. This problem
gets worse when the populations oscillate in an even higher
range as, for instance, in Fig. 2. On the other hand, a
discrete stochastic representation is necessary whenever the
populations become small.
Also, if the underlying system is stiff the explicit RungeKutta method will perform poorly and should be replaced
by implicit finite difference methods. For instance, if the
transition rates in the Markov process have very different
orders of magnitude, the time step of explicit methods will
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be proportional to the fastest time scale. Besides implicit
methods, it is possible to apply aggregation techniques that
are designed for stiff systems [6, 7].
IV. D ETERMINISTIC

APPROXIMATION OF MOMENTS

Deterministic approximations are, besides Monte-Carlo simulation, the analysis techniques with most widespread use.
The mathematical justification of the simplest deterministic
approximation, mean-field analysis, has first been provided
by Kurtz in the context of chemical kinetics [21] where it
is applied extensively.
Mean-field analysis relies on the assumption that the expected populations can be approximated by variables that
change continuously and deterministically in time. This idea
can be generalized to higher moments where the accuracy
of the approximation increases as higher moments are included [10].
A. Mean-field approximation
Let Z(t) = (X(t), Y (t)) denote the two-dimensional population vector at time t and, for d ∈ N let f : N2 → Rd be a
function that is independent of t. Assume that the expectation
E[f (Z(t))] exists. From Eq. (2), it is straightforward to derive
the relationship2
P
d (t)
d
(x,y)∈N2 f (x, y) dt p (x, y)
dt E[f (Z)] =
= E[αX(f (X + 1, Y ) − f (Z))

+βXY (f (X − 1, Y + 1) − f (Z))

(6)

+γY (f (X, Y + 1) − f (Z))].

parameters, both populations stay above 150 at all times in
the deterministic model. Here, the mean-field approximation
remains very accurate at least until time t = 15 (and the same
holds for the expected number of preys).
B. Method of moments
Eq. (7) suggests that we would obtain a more accurate
approximation of the expected number of individuals if we
could accurately approximate the value E[XY ]. The first
idea, of course, is to set f (x, y) = xy in Eq. (6) in order
to extend the system of differential equations in Eq. (7) by
additional equations for E[XY ]. It is easy to see that with
f (x, y) = xy Eq. (6) yields a differential equation that
involves E[X 2 Y ], E[X 2 Y 2 ], and E[XY 2 ]. To approximate
these quantities as well, additional equations are necessary
that involve even higher moments. This argument repeats and
yields an infinite set of differential equations. The idea of
method of moments is to truncate this infinite set after a finite
number of equations. Here, we improve the quality of the
deterministic approximation by enriching the system in Eq. (7)
with deterministic approximations of the second moments as
proposed by Engblom for Markov population models [10].
Based on a Taylor series expansion of the rate function, the
following deterministic approximation of second order can be
shown:
d
dt E[X] = αE[X] − βE[X]E[Y ] − βcXY
d
dt E[Y ] = βE[X]E[Y ] + βcXY − γE[Y ]
d
dt cXX = 2αcXX + αE[X] − 2βE[X]cXY

−2βE[Y ]cXY + βE[X]E[Y ] + βcXY

If f (x, y) = (x, y) we get as a special case that
d
dt E[X]
d
dt E[Y ]

= αE[X] − βE[XY ]
= βE[XY ] − γE[Y ].

d
dt cXY

= αcXY − βE[Y ]cXY − βE[X]cYY
+βE[Y ]cXX + βE[X]cXY
−βE[X]E[Y ] − βcXY − γcXY

d
dt cYY

= 2E[Y ]cXY + 2βE[X]cYY + βE[X]E[Y ]
+βcXY − 2γcYY − γE[Y ],

(7)

Thus, if X(t) and Y (t) were uncorrelated (which means
that E[XY ] = E[X]E[Y ]), we could compute the expected
number of individuals using Eq. (1). But if X(t) and Y (t) are
highly correlated, the approximation of the mean in Eq. (1) is
rather inaccurate. Fig. 1(a), for instance, shows the mean-field
approximation of the Markov process whose true expectations
are plotted in Fig. 1(b).
For finite time instants t, the mean-field approximation
becomes exact for the scaled process {N −1 Z(t), t ≥ 0} as the
scaling constant N approaches infinity under the assumption
that the rate functions are density dependent [22]. In the
context of the stochastic Lotka-Volterra model, the latter
assumption means that the constant β depends on the scaling
parameter N (which has a natural interpretation such as the
total number of individuals) while α and γ are independent
of N . Thus, the accuracy of the approximation increases if
the populations become large. In Fig. 2 we plot the meanfield approximation versus the true expected populations for
α = γ = 1, β = 0.003 and initial state (180, 200). For these
2 To improve readability, we omit the dependence on t and write Z instead
of Z(t) and so on.

(8)

where cXX , cXY , cYY
approximate the covariances
COV [X, X], COV [X, Y ], COV [Y, Y ], respectively. Note
that the first two equations are as in Eq. (7) if we use the
relationship COV [V, W ] = E[V W ] − E[V ]E[W ] for the two
random variables V and W .
In Fig. 2 we plot the solution of Eq. (8) together with
the mean-field solution as well as the true expectations. For
these parameters both the mean-field approximation and the
second-order method of moments become inaccurate after
t = 23. The second-order method of moments predicts the
dynamics of the expected predator population only slightly
better. The situation is similar for the expected number of
preys. Additional equations for higher moments give a more
accurate approximation (not shown) but become very stiff once
the prey population grows too fast. The main advantages of
the method of moments are the low computational cost (the
ODE can be solved in a few seconds) and the fact that for
many models a second-order approximation is sufficient. If,
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Fig. 2. The deterministic approximations of the expected number of predators
remain accurate until t = 23. Here, we used the parameters α = γ = 1,
β = 0.003, and initial state (180, 200).

however, besides the moments, certain probabilities are of
interest (such as the probability of extinction) other solution
techniques need to be chosen. Also, for the model under study
higher order equations are necessary but lead to numerical
instabilities. E.g. for the parameters considered in Fig. 1,
the fourth-order approximation gives a matrix that is singular
to working precision (while the second-order approximation
yields poor accuracy). More advanced numerical techniques
have to be considered in this case such as implicit finite difference methods and integration methods that are particularly
designed for oscillatory systems [2–5, 29].
V. S TOCHASTIC HYBRID

METHOD

In this section, we propose a hybrid solution technique
for the stochastic Lotka-Volterra model that is motivated
by two observations. First, the approximate direct numerical
method presented in Section III-B is able to provide accurate
results. However, if only one of the expected populations (say
E[Y (t)]) is small and the other population is high, then it
becomes inefficient because the number of “significant” states
is large. It treats X(t) and Y (t) as discrete stochastic (DS)
random variables and considers all possible values up to a
predefined accuracy δ > 0, i.e. the infinite ranges of X(t) and
Y (t) are truncated with respect to δ. Second, the method of
moments with a truncation of moments higher than order two
provides a fast continuous deterministic (CD) approximation
that is accurate whenever the expectations of X(t) and Y (t)
are high.
A successful hybrid approach could therefore be based on
the following two properties:
(a) It should be able to switch dynamically between a DS representation and a CD representation depending on population
thresholds for E[X(t)] and E[Y (t)].
(b) Whenever X(t) is represented as a DS variable and Y (t)
as a CD variable (or vice versa), a hybrid approach must be
able to take into account the dependencies between X(t) and
Y (t) in an appropriate way.
While requirement (a) is easy to realize, (b) turns out to
be much more challenging. Assume that at a certain point
in time, the predator population is represented by the DS
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variable Y (t) and the prey population is represented by the
CD variable x(t) ≈ E[X(t)]; that is, we have a (truncated)
probability distribution for Y (t) and a single real value x(t)
as well as approximations of the covariances cXX and cXY . A
straightforward idea is to consider the “global” ODE in Eq. (8)
for the computation of x(t + h) ≈ E[X(t + h)] as well as
the covariances at time t + h, where h is a small time step
and E[Y (t)] as well as cYY are computed from the current
approximation of the distribution of Y (t). The equations for
E[Y (t)] and cYY are removed in Eq (8) and the distribution
of Y (t + h) is computed by solving a “reduced” version of
Eq. (2) given by
d (t)
dt p (y)

= β(y − 1)x(t)p(t) (y − 1)
+ γ(y + 1)p(t) (y + 1)

(9)

(t)

− (βyx(t) + γy)p (y),
d (t)
p (0) = γp(t) (1).
where y > 0. For state y = 0, we have dt
Note that the transition that corresponds to the growth of
prey is not included in Eq. (9) but is taken into account in
Eq. (8). We can integrate Eq. (9) using the method described in
Section III-B. In this way, the possible values for y and thus the
number of equations would remain small (since we assumed
that E[Y (t)] and h are small) which makes the approach
computationally cheap. For instance, the run time needed to
approximate the probability distribution for the parameters
used in Section I is only about 1 minute. However, it turns out
that the approach yields bad accuracy. For instance, at the final
time instant t = 10, the relative errors of the first moments of
prey and predator are above 20%. In particular, the approach
fails to detect the steep increase of the expected number of
preys after t = 6 even though the results are accurate within
[0, 6]. The reason is that when E[Y (t)] is small, the (relative)
variance of Y (t) is important for the evolution of the CD
variable x(t) (and vice versa). For instance, if Y (t) = 0, then
X(t) grows exponentially at rate α. In this case, the total rate
d
E[X]
of change will therefore deviate largely from the rate dt
used in Eq. (8).
A more accurate approach is to consider “local” ODEs,
i.e. if X(t) has a CD representation and Y (t) has a DS
representation, then we consider the conditional expectation
E[X(t)|Y (t) = y] for each state y. Thus, in each integration
step, we represent the current state of the system by the
probabilities p(t) (y) ≈ P {Y (t) = y} (but we still neglect
probabilities smaller than or equal to δ) and real values xy (t)
that approximate E[X(t)|Y (t) = y]. For a small time step h,
we integrate the distribution p(t) and the values xy (t) in three
substeps.
(1) We first integrate p(t) according to Eq. (9) to approximate
the probabilities P {Y (t + h) = y} by p(t+h) (y).
(2) For each state y with p(t) (y) > δ, we compute x̃y (t+h)
by numerical integration of the ODE
d
dt x̃y (t)

= αx̃y (t) − βy x̃y (t)

with initial condition x̃y (t) = xy (t). Note that x̃y (t+h) is not
an approximation of E[X(t+h)|Y (t+h) = y] since the above
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differential equation does not take into account that Y may
leave state y within [t, t+h]. E.g. for newly discovered states
with p(t) (y) < δ and p(t+h) (y) > δ the value xy (t) (and thus
x̃y (t+h)) does not exist. Thus, a third substep is necessary to
approximate E[X(t+h)|Y (t+h) = y].
(3) We compute xy (t+h) by “distributing” x̃y (t+h) according
to the change in the distribution of Y as explained below. If
we assume that [t, t + h] is an infinitesimal time interval and,
for y 6= y ′ , q(y, y ′ , h) is the probability to enter y from y ′
within [t, t + h], then
P
q(y, y ′ , h)P {Y (t) = y ′ }
P {Y (t+h) = y} =
y ′ 6=y
P
(10)
q(y ′ , y, h))P {Y (t) = y}.
+(1 −
y ′ 6=y

Thus, we approximate E[X(t + h)|Y (t + h) = y] as
P
x̃y′ (t+h)q(y, y ′ , h)P {Y (t) = y ′ |Y (t+h) = y}

(11)

y ′ 6=y

+ x̃y (t+h)(1−

P

q(y ′ , y, h))P {Y (t) = y|Y (t+h) = y}.

y ′ 6=y

The rationale behind this approximation is that, for t′ ∈
[t, t + h), the variance VAR[X(t′ )|Y (t′ ) = y] is small and
the conditional distributions P {X(t′ ) = x̂ | Y (t′ ) = y}
can be approximated by a normal distribution with mean
E[X(t′ )|Y (t′ ) = y].
Obviously, we make use of the current approximations p(t)
and p(t+h) to compute the conditional probabilities P {Y (t) =
y ′ |Y (t + h) = y}. For a small time step h, q(y, y + 1, h) ≈
hβy x̃y (t) and q(y, y − 1, h) ≈ hγy. Using Eq. (11), we define
xy (t+h) ≈ E[X(t+h)|Y (t+h) = y] as

xy (t+h) = hβ(y −1)p(t)(y −1)x̃y−1 (t+h)x̃y−1 (t)
+hγ(y +1)p(t)(y +1)x̃y+1 (t+h)

+(1−hy(β x̃y (t) + γ))p(t) (y)x̃y (t+h) /p(t+h) (y).
We illustrate the three substeps above by means of a simple
example.
Assume that the distribution of Y (t) is such that p(t) (0) =
2
1
(t)
3 , p (1) = 3 and all other states y have probability 0 at
time t. Assume further that the CD variables xy (t) are such
that x0 (t) = 600 and x1 (t) = 500. For the parameters α =
γ = 1, β = 0.01, h = 0.1 substep (1) yields p(t+h) (0) =
2
4
(t+h)
(1) = 15
, p(t) (2) = 13 where, for simplicity, we
5, p
integrate Eq. (9) with the Euler method. Substep (2) yields
x̃0 (t+h) = 660 and x̃1 (t+h) = 549.5 and substep (3) gives
x0 (t+h) ≈ 641.58 and x1 (t+h) = x2 (t+h) = 549.5. Note
that state y = 2 “inherits” the x-value of state y = 1 since its
probability inflow of 31 originated from y = 2.
The same strategy as explained above can be used for the
case where X(t) is a DS variable and y(t) is a CD variable.
We performed experiments using different parameters to
test the accuracy and run time if the representation is hybrid
(coexistence of CD and DS variables) and also if switching
occurs often. For the parameters used in Section I, for instance,
we start with a purely stochastic representation and use a

TABLE II
R ESULTS OF
pop.
thresh.
100
200
400

δ
1e-15
1e-10
1e-15
1e-10
1e-15
1e-10

THE STOCHASTIC HYBRID SOLUTION .

run time
time
12s
7s
1h 43min
11min
2h 35min
25min

|S|
9e2
6e2
5e4
9e3
1e5
3e4

relative
1st
0.04
0.04
0.03
0.03
0.03
0.03

error of moments
2nd
3rd
0.11
0.22
0.11
0.22
0.11
0.23
0.11
0.23
0.10
0.20
0.11
0.21

population threshold of 350 to switch the representation. At
time t ≈ 3.3 we switch the representation of X(t) from DS
to CD since the expectation reaches 350 (see also Fig. 1(b)).
Around time t = 4, we switch back to a DS representation.
Then, around t = 4.3 we switch the representation of Y (t)
from DS to CD because E[Y (t)] > 350, etc.
We also performed experiments using different population
thresholds and different values for δ. We summarize these
results in Table II. We always compared our results with the
full stochastic solution described in Section III-B to estimate
the accuracy of the hybrid method. We list the relative errors of
the first three moments when the hybrid method is compared
to the full stochastic solution. For these parameters it turned
out that the accuracy of the hybrid approach is less sensitive to
population threshold than expected. In the range of 100 − 400,
the relative error of the first three moments is at most 23%.
Similarly, the moments are accurately approximated even if δ
is about 10−10 . It should, however, be noted that if a higher
value is chosen for δ, then small event probabilities will be
approximated as 0.
The accuracy of the hybrid approach becomes worse whenever both variables are represented deterministically. The
reason is that the second-order method of moments relies
heavily on an accurate prediction of the (co-)variances. But
during a preceding hybrid phase where, say, X has CD
representation and Y has DS representation, the variance of
X is much smaller than the real variance VAR[X(t)], i.e. the
approximation
P
VAR[X(t)] ≈ y:p(t) (y)>δ p(t) (y)(xy (t) − E[X(t)])2
is not accurate enough if it is used as an initial value for cxx in
Eq. (8) even though this has only a minor effect on accuracy
during the hybrid phase. The hybrid method exploits the fact
that, if X is large, then the relative variance is small and it is
sufficient to record the evolution of E[X(t) | Y (t) = y] for
each value y that has a significant probability. This seems
to contradict with the approximation in Eq. (8) that relies
on a good estimate for the (co-)variances. For this reason,
we suppressed the configuration CD, CD for our results in
Table II and always kept at least one variable DS. We plan to
extend the stochastic hybrid approach such that the distribution
P {X(t) = x | Y (t) = y} is approximated by a normal
distribution which we represent by two values (mean and
variance) instead of the single value xy (t). This, however,
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complicates the interdependencies between X and Y further
and its study is beyond the scope of this paper.
VI. E XPERIMENTAL RESULTS
We performed experiments using five different parameter
combinations for the stochastic Lotka-Volterra model and four
different solution methods. In Table III we list our experimental results. Each row corresponds to one combination
and is enumerated in the first column. We used the first
and the second combination of parameters also in Section III
and IV (see also Fig. 1 and Fig. 2). Note that for the latter
combination, the expected populations oscillate in a much
higher range. The remaining parameter combinations in rows
3 through 5 are taken from the literature [14] (third row), [15]
(fourth row), [12] (fifth row). In columns two to four we list
the rate constants, and the columns with labels x0 and y0 refer
to the initial population sizes. In the column with label tf , we
list the final time instant at which we compute the transient
distribution. We abbreviate the solutions methods as follows:
• IRK4(δ) refers to the inexact explicit fourth-order RungeKutta method as described in Subsection III-B using a
significance threshold of δ. We list the run time, the
average number of significant states and the error, i.e., the
probability mass lost during the computation for the case
δ = 10−15 .
• MF refers to the mean field analysis discussed in Subsection IV-A. We list the run time and the relative error of
the first moment (expected populations) at the final time
instant where we compare to IRK4(10−15 ). We took the
average over the two species.
• MM refers to the method of moments that we discussed in
Subsection IV-B. We list the run time and the relative error
of the first and second moments where we again compare
to IRK4(10−15 ) and average over the two species.
• Finally, SH(δ,K) refers to the stochastic hybrid method
where a significance threshold of δ and a population
threshold of K is used. Here, we give results for δ = 10−15
and K = 200. The column with label |S| lists the average
number of significant states in each step and the last three
columns list the relative error of the first, second, and third
moments compared to those of IRK4(10−15).
For the first combination of parameters the two deterministic approxmations MF and MM yield fast but poor results.
The stochastic hybrid method gives a significant speed-up
compared to IRK4(10−15) (about 51 times faster) and the
approximation is accurate. The parameters used in the second
row yield a system where the expected populations oscillate
in a high range (between 150 and 650, see also Fig. 2).
Therefore, MF and MM give accurate solutions. The stochastic
hybrid solution is fast since most of the time both populations
are represented as continuous deterministic values. The third
combination of parameters gives similar results as the first
one. In the last two rows, only IRK4(10−15) gives an accurate
solution. The stochastic hybrid method accurately predicts
the first moments of the species but for the second and
third moments the approximation error is high. The reason

is that, for both parameter combinations, at the final time
instant E[Y ] ≈ 0 and |S| = 1 (fourth row) and |S| = 3
(fifth row). During the hybrid solution, Y is represented
as a discrete stochastic variable and X becomes continuous
deterministic. Only a small number of states y remain and the
variance between their conditional expectations E[X|Y = y]
is small. Thus, the second moment E[X 2 ] yields a relative
error of around 90% whereas E[Y 2 ] ≈ 0 is very accurately
approximated. The average relative error is then around 50%.
VII. C ONCLUSION
The popularity of the Lotka-Volterra model for the description of population dynamics relies on the fact that this model is
able to reflect the strongly changing dynamics of interacting
populations. Its stochastic variant includes the possibility of
extinction, which is, for instance, important for modeling
biodiversity and coevolution [18, 19, 26].
The analysis of the stochastic Lotka-Volterra model is challenging because events such as extinction of predator require
a costly discrete representation of the predator population.
This and other characteristics of the stochastic Lotka-Volterra
model (change between small and large populations, highly
correlated variables, infinite state space, unbounded rates) are
prototypical for Markov population models. Therefore, its
analysis is not only interesting from an application-oriented
viewpoint but also from a methodological viewpoint.
We discussed different analysis approaches for the stochastic Lotka-Volterra model and modified them in order to improve accuracy and run time. It turned out that the stochastic
hybrid approach with local ODEs performs best. It is at least
an order faster than the numerical integration of the master
equation and yields no more than a 5 % relative error in the
first moment of the transient distribution. If high populations
are approximated by continuous deterministic variables, then
error estimates are hard to obtain. The benefits of an approximate numerical solution, however, are highly dependent
on accurate error estimates. Here, we compared our hybrid
solution with a full stochastic solution. In the future, we will
try to estimate the accuracy of the hybrid approach without a
comparison to a more accurate but costly solution. Moreover,
we plan to additionally consider numerical analysis approaches
based on a diffusion approximation of the stochastic LotkaVolterra model such as the one suggested by Ferm et al. [27]
and compare them with the methods discussed here.
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