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Abstract—Optimal control problem for parabolic differential-
algebraic equations (PDAE) systems with spatially sensitive state-
constraints and technological constraints is considered. Multi-
point shooting approach is proposed to attack such problems.
It is well suited to deal with unstable and ill-conditioned
PDAE systems. This approach consists in the partitioning of
the time-space domain into shorter layers, which allows us to
fully parallelize the computations and to employ the reliable
PDAE solvers. A new modified method of this kind is devel-
oped. It converts the multipoint shooting problem having mixed
equality and inequality constraints into the purely inequality
constrained problem. The results of the consecutive layer shots
are exploited to determine a feasible shooting solution of the
converted problem. The knowledge of such a solution is crucial
for the use of highly efficient feasible-SQP methods avoiding
the incompatibility of the constraints of the QP subproblems
(versus the infeasible path SQP methods). The applications of
the method proposed to the optimization of some heat transfer
processes as well as chemical production processes performed in
tubular reactors are discussed.

I. INTRODUCTION

DVANCED technological processes are often performed

in distributed-parameter systems. A wide class of such
processes is described by parabolic differential-algebraic equa-
tions including heat transfer processes and chemical produc-
tion processes performed in tubular or multizone reactors [3],
[9],[11],[2]. Many of them exhibit unstable modes and high
sensitivity to parameter changes. In a consequence we can deal
with unbounded state profiles and ill-conditioned optimization
problems if the single shooting method is applied to optimize
the system performance [2]. The multipoint shooting approach,
known from the modelling of lumped parameter systems [10],
can also be useful for distributed parameter systems to resolve
the difficulties with their unstable and highly sensitive modes
[51,[6],[13]. Moreover, it ensures the full parallelization of the
computations necessary to employ advanced superlinearly con-
vergent optimization methods such as the sequential quadratic
programming (SQP) method or the interior point (IP) method
[1]. However, the main elaborations on this subject deal with
infeasible path approach, where all the constraints of the
optimization problem may be violated on the current iteration.
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This may lead to the incompatibility of the constraints of the
QP subproblems, which complicates the SQP algorithm. Its
regularization may be required with the use, for example, the
homotopy approach [2].

In the present paper the feasible-SQP method, known
in many variants as the nonlinear programming methods
[41,[7],[15], is developed as a method specialized in the
multipoint shooting approach to the optimal control of PDAE
systems. The exploitation of the specific structure of the
method proposed enables us to resolve the difficult problem
of obtaining of a feasible initial solution guaranteeing the
compatibility of QP subproblems exploited in the process
optimization.

Notation: L. (£2, R"), WA (02, R™), and PC(§2, R") the
spaces of n-dimensional essentially bounded, essentially
bounded derivatives and piecewise continuous functions de-
fined on 2, and S, ([to,t¢], R™) the space of n-dimensional
r-step functions defined on the interval [to,¢s].

II. OPTIMAL CONTROL PROBLEM FOR PARABOLIC DAE
SYSTEMS

Consider the following optimal control for parabolic DAE
systems (the PD problem): minimize the objective function

T 1
T (2, w0, p) = / / ho(a(t, s), =(t, 5), u(t, s), p)dids+
0 0

/ "t 1), 28, 1), uolt). p)dt (1)

0

subject to a system of parabolic differential-algebraic equa-
tions (PDAE) of index one

x(t,s) = f(x(t,s), 2(t, 8), xs(t, 8), xss(t, 8), u(t, s),p), (2)

0=g(x(t,s), 2(t, s),u(t, s),p), (t,5) €2, (3)
to the boundary conditions

bi(z(t,1), 2(t,1),uo(t),p) =0, tel (i=0,1), (@&
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to the technological constraint

/OT h(z(t,1),2(t,1),p)dt = 0,
to the box constraints
x(t,s) € X(s), z(t,s) € Z(s), u(t,s) € U, (t,s) € 2,
(6)

and to the physical realizability conditions for the distributed
and boundary control

u e PC(R2,,R™), ug € PC(I,,R™),

&)

(t,s) € 2, up(t)e Uy, tel,, peP,

)

where I. = [0, 7] is the time horizon, 2, = I, x I is the
time-space domain, * € WZL2(£2,, R") is the differential
state trajectory of the PDAE system, z € Lo (§2;, R™) is its
algebraic state trajectory, u € Loo(§2-, R™) is its distributed
control, , ug € Lo (I, R™0) is its boundary control, p € RP
is its global parameter, and X (s) = [z_(s),xz+(s)], Z(s) =
[27(5)724(5)]7 v = [u,,u+], U = [uo,,u0+],, and
P = [p_,p+] are boxes with the spatially sensitive bounds
x4(s) € R™, z4(s) € R"*, uy € R™, upy € R™o and
p+ € R™, and the functions

hi : R"™xR"™xR" xR"™ — R (i=0,1 u®=u,u' = up),
h:R™ x R"* x R™ — R"™",
f:R"™ x R"* x R"™ x RP — R",
g:R"™ x R"™ x R"™ x RP — R"*,
bi: R" x R"* x R™0o x R" — R™:i (i=0,1)

are twice continuously differentiable in all their arguments,
while X (s) and Z(s) are bounded point to set mappings.
We use the time scaling ¢ := /7 to normalize the time
horizon to the unit interval ¢ € I, and to include the variable
process duration 7 to the global parameter p, which may also
encompass the technological and design variables (such as the
level of the fixed bed catalyst or the reactor volume in chemical
production processes), and the slack variables converting the
technological inequality constraints into the equality ones. We
reduce the general control and state inequality path constraints
q(x(t, s), z(t, s),u(t,s),p) < 0 into the equality form (3)
by means of the slack control (¢, s) fulfilling the condition
q(z(t, s), z(¢t, s), u(t, s), p)+u(t,s) = 0. Thus the formulation
(1)-(7) encompasses a wide class of optimal control problems
for PDAE systems with the boundary and distributed controls.

III. TIME-SPACE MULTIPOINT SHOOTING FEASIBLE-SQP

METHOD
We discretize the time coordinate ¢, = k/l (k=0,1,...,1)
and the space coordinate s; = i/j (i = 0,1,...,7). We

connect with the time-space layer [tg,tx+1] X [Si, Sit1] (2 =
0,1,...,7) its shooting differential states x;; € R™=, its
shooting algebraic states z;; € R"=, its shooting control

: = (uT T T AT o, ~
variables uir = (Ujp1, Ujpgs s Uipy, )T € RMik (N, =
NyTik, Ta = 0, Wy1 = Ui 1—1,,, ,), its shooting global
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parameters p;; € R"», its shooting optimization variables
wa = (D pT)T € Rk (na, = ma +
N + My, + np), its layer shooting optimization variable
wr = (Wi, Wi, wh)T € R™e (N, = Y01 Ty, )
its differential state trajectories Z;x € WL ([te,try1], R™)
determined by wy, its algebraic state trajectories z;, €
Loo([tg, tk+1], R™) determined by wyg, and its controls u;;, €
Sy ([t tk+1], R™) determined by wu;;. We include the

boundary control shooting variables into the control variable

: = (T T T T T T
Uok, 1.6. Ugr = (uomvuoma-~-aU0krk’u0k,rk+17~--7“0kr0k) >

where uog, € R™o (r = 1,2,...,1) are the coefficient of
the boundary control, while ugg, € R™ (r = rp + 1,7 +
2, ..., 14y) are the coefficients of the distributed control variable
connected with the Oth spatial element. We reformulate the
problem discussed as the multipoint shooting PDAE optimal
control problem (the MSPD problem): minimize the objective
function
j—11-1 tht1
T =330 [ ho(Eat) a0, T (b))
i=0 k=0 7!k

-1

tht1
+3 [ m@0. 0. w00 ®)
k=0"tk

subject to the continuity conditions for the differential state

trajectory and the shooting parameters
Tir(th41) = Ti, k41, Dik = Pik+1 (1=0,1,...,7;
kE=0,1,.,1—-1), (9

to the consistency equations for the algebraic states and the
boundary conditions

Gik(Tiks Ziks Wik, D) = 0 (0 =0,1,...,4; k=0,1,...,1),

(10)
to the technological constraint
-1 thi1
> [ b0 B0 o 0 = 0. D
k=0"tk
and to the bound constraints
Tip € Xi, 2ik € Zi, uip € U, pix € P
(i=0,1,...,5; k=0,1,...,0), (12)

where ¢; = 1/7, and the boundary conditions are incorporated
into the consistency equations

Gike(Tikes Ziker Wik, Dik) =

(§7 (2o, 20> Uok Pok ), b3 (Tok, 2ok, Yok, por))) T (i = 0),

and
Gik(Tik, Ziks Wik, Pik) = 9(Tik, Zik, Wik, Pik) (0 < @ < J),

and
Gik (Tik, Zik Wik, Pik) =

(97 (@, 2jks Wi, Pjie ), OF (g8, 21, woks k)T (6 = j),
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and w = (wl, wT, ..., w)T € R™ (ny = Y k_ nw, ) is the
shooting optimization variable, and X; = [x;_,x;1], z;+ =
r1(si), Zi = lzio,ziq), zix = zx(s), Up =
[Wik—, Wikt], Uikt = (ui,ui,...,ui)T, and b; (1 = 0,1)
rik+1 times

are the modifications of the functions b; connected with the
redefinition of the controls wugg.

Let X;e, = [g; + @i—, —i + 254) (55 € R}7) and Z;, =
l€i +2i—, —€;+2i4] (€; € RY*) be the restricted box sets for
the differential and algebraic states, and let

Einy €iny Tikny Tikny Pikny Tin—, Tin+s Rin—»y Rin+ Jikn s hn

be the nth coordinates of the quantities
Eis €is Tiks Tik, Dik, Ties Ticks Zies Zits ik N

Algorithm 1: The conversion of the time-space shooting
problem (8)-(12) for the PDAE system (the MSPD problem)
to the parametric MSPD problem (the MSPD,. problem) with
a known feasible initial solution.

Step 0: Choose &; = 0.05(z;+ — x;—), € = 0.05(z;4 —
ZZ‘,>, Jv?io S Xisi» 52’0 S ZiEiv ’lj/io S UiO and ﬁiO € P.

i)

v v %

Set w;g = (1‘%, Z%, u%,ﬁfo)T, and wy = (ng’ ’uvj?o,
and k = 0.

Step 1: If k =1 go to Step 4. Else determine the differential
and algebraic state trajectories T;; and Z;; by the shot in
the kth time interval for a given layer shooting optimization
variable wy,.

Step 2: Using the results of the current shot determine

e the consecutive shooting differential states %; p4+1,, =
€in + Tin— if Tipn(tpt1) < €in + Tin—, and & gp1,n =
Zikn (tot1) if Tikn(tet1) € (in + Tin—r —€in + Tiny), and
i‘i,k—}—l,n = —€in t+ Tint if fikn(tk+1) > —€in + Tin+ (Z =
0,1,....,75; n=1,2,....n,),

e the consecutive shooting algebraic states Z; 41, = €in +
Zin— if Zikn (k1) < €in + Zin—, and Z; g1 = Zikn(tet1)
if Zikn(tet1) € (€in + Zin—, —€in + Ziny), and Z; py1n =
_€i7L+Zi7L+ if gik:’n(tk—ﬁ—l) > —E€in T Zin+ (Z = Oa 17 7]7 n=
1,2,...,n,), and choose the consecutive shooting controls
Ui k+1 € Uig+1 (1 =0,1,...,7), and the consecutive shooting
parameters P; x+1 = Dik, and denote the solution found for the
consecutive interval as Wy = (&1, 1, 2 4, uf, )7

Step 3: Determine

e the defect functions of the shooting differential states
Grikn (W) = Zigen (tht1) = Ti kg 1,n 1 Titon (Bbt1) < Ein+Tin—
OF Zign (tht1) € (Ein + Tin—, —€in + Tint ), and Gripn(w) =
—Zikn (trt1) + Ti k1,0 if Tinn(trg1) > —€in + Ting (0 =
0,1,...,5;, n=1,2,....,n,),

e the defect functions of the consistency for the al-
gebraic states and the boundary conditions Gajpn(w) =
Gikn (Tiks Ziks Uik, Dik) i Gikn (Tiks Zik, Wi, pir) < 0, and
Goikn(W) = —gikn(Tik, Zik, Wik, Pik) in the opposite case
(i=0,1,...,5; n=1,2,....,m,),

o the defect functions for the discretized parameter
Ggi;m(w) = Dik — Dik+1- Set k=k+1.

Step 4: Determine the defect functions for the technological
constraints
-1 thy1r
Gialw) =3 [ Bl Z0(0) o (1) )

k=0"tk
if
-1 thy1
> [ R0,z (0, Ton (1)) <0
k=0"tk
and

=1 oty B
Gjin(w) = — Z/ h(Z i (t), Zjk (1), Uok (t), Pjk)
k=0 "tk

in the opposite case (n = 1,2, ...,n; ). Save the solution found
as w = (wf,wl,...,w])T.

Step 5: Set up the functions required for the formulation
of the MSD,. problem:

Grir(w) = (Grikn (w))pZ1: Gaik(w) = (Gikn(w))nZq,
Gai(w) = (Gaikn(w)) 21,
Gir(w) = (GlTik(w)v GzTik(w)»GsTik(w))T,
Gji(w) = (G (w)) Ly,
Gt ipirk(w) = (—wi, +wi_, wi, — wh )7,
Wit = (v, 2, ub e, pi) T (i=0,1,..,5;5k = 0,1,..,1).

Step 6:  State the converted problem (the c-problem):
minimize the objective function

13)

subject to the constraints
Gix(w) <0 (i=0,1,..,2j + 1;k=0,1,...,20 + 1). (14)

where ¢ € R, is the cost coefficient of the problem conver-
sion.

If the coefficient c is sufficiently large the discretized prob-
lem and the c-problem have the same KKT points [8],[7],[15].
Algorithm 1 yields by its formulation a feasible solution w
of the c-problem, which can be further assumed as an initial
solution w® = i for efficient feasible-SQP type algorithms
solving this problem. The issues connected with a suitable
choice of the coefficient ¢, and with the verification of the
feasibility of the MSPD problem (and eventually of the PD
problem) by an optimal solution of the MSPD, problem are
taken up by

Algorithm 2: The search for a locally optimal solution
w* of the MSPD problem and for a locally suboptimal layer
solution (], 27, u}, ug;, pf) of the PD problem by the time-
space multipoint shooting feasible-SQP (TMSFSQP) method.

Step 0: Input the initial solution w® found by Algorithm
1, a symmetric positive definite matrix H € R™»*"v_  and
positive constants cg,¢, 0 > 1 and g € (0,1).
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Step 1: To find a locally optimal solution w* of the
MSD. problem use the Matlab R2010b feasible-SQP active
set procedure solving the compatible equality constrained QP
subproblems of the form

1
Jw(w)d + 5 d" H(w)d

S.t.
G'Iik,w(’w)d = b(w) (Zv k) € An(w)v

where A, (w) is an estimate of the active set. Determine the
Lagrange multipliers \;x(c) associated with the constraints
Gix(w) (i=0,1,....,5; k=0,1,...,1).

Step 2: If ¢ < Ay = max{ ik (w(c))|oo,i=0,1,....J: k =
0,1,...,1} set c:= Ay + € and return to Step 1.

Step 3: If >1_, 22:0 |Gik(w(e))]oeo = 0 set w* = w(c).
Else set c:=c+c.

Step 4: 1f the bound constraints (6) for the differential
states Z;x (¢, w*) and for the algebraic states z; (¢, w*), ¢t €
[tk tkr1], (1 = 0,1,...,7; k = 0,1,....,1 — 1) are satisfied
determine a locally suboptimal layer solution of the PD prob-
lem as #3,(t) = Fus(t,w*), 2, (8) = Zu(t,w?), uly(t) =
n(tw'), po(t) = Pultw), ¢ € [otinl, (@ =
0,1,....,5;k = 0,1,...,1 — 1). Else set ¢ := ge and € := ge
and go to Step 0.

The algorithm exploits the equivalence of the KKT points of
the MSPD.. and MSPD problems for sufficiently large ¢, which
should exceed the maximum modulus of the Lagrange mul-
tipliers for the converted constraints Gy (w) (k = 0,1,...,1)
(the c-condition). If this condition is violated the coefficient ¢
is increased (Step 2), and the optimization process is repeated.
Else the fulfilling of the equality constraints of the MSPD
problem is verified. It can be violated even if the c-condition is
satisfied for numerical errors propagation in large-scale PDAE
systems. Then some further increase of the coefficient ¢ may
be helpful (Step 3). The violation of the bound constraints
for the differential and algebraic states can be removed by the
manipulation of the parameters € and € in view of the calmness
of the layer DAE systems under discussion [12]. This leads to
a locally suboptimal layer solution of the basic PD problem
(Step 4).

The computational experience showed that the coefficient
¢ may be overestimated leading to the ill-conditioning of the
optimization problem (see fig.1). Thus the practical approach
for the finding of the proper value of ¢ may require its decrease
and the repeated application of Algorithm 2 as for complex
problems such as the optimization of PDAE systems.

We illustrate the theoretical considerations by the heat
transfer problem for the probe heating the object with difficult
accessibility, and by the performance optimization problem for
chemical production processes.

Example 1: Consider the heat transfer process for the probe
heating the object with difficult accessibility. The desired
temperature profile at the right boundary of the probe should
be reached avoiding overheating the zone at its left boundary,
where the controlled heat source is exploited. We search for a
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boundary control u¢ minimizing the objective function

T T
[ G —ewrarsp [
0 0
subject to the heat transfer diffusion state equation

C(x(t,s))xe(t, s) = Dxgs(t, s), (t,s) € 2,

(15)

to the initial temperature distribution
x(0,s) = zo(s), s€l,
to the boundary conditions
Dzs(t,0) = v(x(t,0) —ug(t)), Dzs(t,1)=0, te€ I,
and to the spatially sensitive state constraints
x(t,s) <xzi(s), (t,s)€ 2,

where z(t, s) is the temperature along the probe, ug(t) is the
boundary heating control, £(¢) is the desired temperature pro-
file, p is the heating cost coefficient, C'(z(t, s)) = a+SBx(t, s)
is the temperature dependent heat capacity of the probe, D is
the diffusion coefficient, z (s) = a + bs, and a, 8,7, a and b
are positive constants. The problem is normalized to the form:
minimize

A?ﬂun—éwfﬁ+pﬂiéwﬁ
S.t.
x4(t, 8) = Dxgs(t,s)/(a+ Bx(t,s)), (t,s)€ 2
x(0,8) = zo(s), s€l,
2s(t,0) = F(x(t,0) —ugp(t)), zs(t,1)=0, tel,
z(t,s) <a+bs, (ts)e .

The distributed parameter model is approximated in each
time interval [ty,tx+1] by the system of ordinary differential
equations for ¢ = 1,2, ..., j

Tir(t) = Dj(Fip1x(t) — 2Tk (t) + Fi_1 1(1)) /(a0 + BTir (1)),

and by algebraic equation following from the approximation
of the left boundary condition

T1x(t) = Y(Tor (t) — ok (t)),

where D; = D/62, 6; = 1/j. The right boundary condition
determines the variable Z;11 5(t) as Zj41,%(t) = ZT;,(¢). The
initial conditions are determined by the shooting variables as
follows

Thus the shot in each interval [tg,tx41] is reduced to the
solving of a large-scale DAE system approximating the basic
PDAE system. The distinctive features of the above example
encompass the spatially dependent state constraints, the po-
tential instabilities in the process nonlinear model caused by
high sensitivity of the heat capacity to the large variations
of the temperature in the probe, and the sparse structure of
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Figure 1. Too high ¢

Figure 2.

Resulting temperature profile

the approximating DAE system, which can be advantageously
exploited in the solution procedure.

In Example 1 let’s consider £(t) = 0.9t — 0.81¢%. For
simplicity we use small number of equations j = 5 and
small number of shots [ = 5. We use the initial condition
Zix = (0.01 0.01 0.01 0.01 0.01).

The results of calculations are good but not astonishing.
First of all the results depends on the coefficient c. When it is
too small, the equality constrains aren’t satisfied. When it is
too high, the constrains are satisfied, but high ratio of penalty
to square error of right boundary gives disappointing results
for the desired temperature profile shown on fig. 1. We have
chosen p = 0.3, ¢ = 0.1. It is giving fair result, shown on
fig. 2. Optimal boundary control and optimal state surface are
shown on fig.3 and fig.4.

Example 2: Consider the chemical production process per-
formed in a tubular reactor. The averaged gain from the
conversion of the raw material A into the desired product
B at the outlet of the reactor should be maximized avoiding
excessive concentrations of A in the initial zone of the reactor,
which may lead to the undesirable catalyst poisoning. We
search for a boundary control ug(¢), for a distributed control
u(t, s), and for a global parameter p minimizing the objective

0g

uit)

Figure 3. Optimal boundary control profile

S ———
A v M i
J
:

Figure 4. Time-space optimal state trajectory

function L
| @)+ puattar
subject to the mass transfer diffusion-convexion state equation
x(t,s) = Dags(t, s)—u(t, s)xs(t, s)—r(p)z(t, s), (t, s) € 2,
to the initial distribution of A
z(0,8) = zo(s), se€l,
to the boundary conditions
Duxs(t,0) = v(t,0)(x(t,0) —uo(t)), Dxs(t,1)=0, tel,
and to the state and control box constraints
z(t,s) € [0,24(s)], u(t,s) €[0,us], (t,8)€ 2,
uo(t) € [0,uo4], te€,

where z(t,s) is the concentration of A in the reactor, u(t)
is the inlet concentration of A, wu(t,s) is the time-space
variable flow intensity of the reacting mixture, p is the process
temperature, k(p) = koe P/P is the Arrhenius function, and
« is the reaction order.

The distributed parameter model is approximated in each
time interval [ty,txy1] by the system of ordinary differential
equations for ¢ =1,2,..., 7

Tie(t) = Dj(Fir1x(t) — 2T (t) + Fi1,(1))
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(= ik () (Tig1,1(t) — Tin(t)) + (p) T3 (1)) /05,

and by algebraic equation following from the approximation
of the left boundary condition

T1x(t) = Fok2(t) (Tox (t) — Uok1 (),

where D; = D/ 6]2, d; = 1/j. The right boundary condition
determines the variable Z ;11 1(t) as Zj41,k(¢) = Tjx(t). The
initial conditions are determined by the shooting variables as
follows

gik(tk) = Tk (Z = 0, 1,2, ,j)

Thus the shot in each interval [ty tx11] is reduced as in Exam-
ple 1 to the solving of a large-scale DAE system approximating
the basic PDAE system. Denoting by z(t, s) the concentration
of the desired product as the algebraic state variable satifying
the algebraic equations

z(t,s) + z(t,s) =1, (t,s) € L2,

we can formulate the technological constraint as the demand
of the prescribed amount Z of the desired product at the outlet
of the reactor in the interval (0, 1)

1
/ z(t, 1)dt = z.
0

The distinctive features of the above example encompass the
spatially dependent state constraints, the potential instabilities
in the process nonlinear model caused by high sensitivity of
the reaction rate to the large variations of the temperature
and the concentration of A, and the sparse structure of the
approximating DAE system, which can be advantageously
exploited in the solution procedure.

IV. CONCLUSION

We presented multipoint shooting algorithms specialized
to the optimization of parabolic DAE systems. They use
the feasible-SQP method, which aims at the finding of a
suboptimal solution of a high practical applicability. We de-
scribed a procedure of obtaining an initial feasible solution
for the multipoint shooting problem exploiting the results of
consecutive shots of the system trajectory. We emphasized
the specific features of the proposed approach such as the
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spatially sensitive state constraints, the potential instabilities in
the discussed heat and mass transfer processes, and the sparse
structure of the large-scale DAE systems approximating the
basic partial differential equations.
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