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Abstract—The fuzzy rough set approach (FRSA) is a theoreti-
cal framework that can deal with data analysis of possibilistic
information systems. While a set of comprehensive rules can
be induced from a possibilistic information system by using
FRSA, generation of several intuitively justified rules is sometimes
blocked by objects that only partially satisfy the antecedents of
the rules. In this paper, we use the variable precision models of
FRSA to cope with the problem. The models admit rules that are
not satisfied by all objects. It is only required that the proportion
of objects satisfying the rules must be above a threshold called a a
precision level. In the presented models, the proportion of objects
is represented as a relative cardinality of a fuzzy set with respect
to another fuzzy set. We investigate three types of models based
on different definitions of fuzzy cardinalities including Σ-counts,
possibilistic cardinalities, and probabilistic cardinalities; and the
precision levels corresponding to the three types of models are
respectively scalars, fuzzy numbers, and random variables.

Index Terms—fuzzy set; rough set; variable precision rough
set; fuzzy cardinality

I. INTRODUCTION

THE ROUGH set theory proposed by [14] provides an

effective tool for extracting knowledge from information

systems. A strong assumption about information systems is

that each object takes exactly one value with respect to an

attribute. However, in practice, we may only have incomplete

information about the values of an object’s attributes. Thus,

more general information systems have been introduced to

represent incomplete information ( [7], [8], [13], [17], [19]),

whereas fuzzy rough set theory proposed in [5] has been

considered as an important mathematical tool to deal with

rough set-based analysis of possibilistic information systems.

However, rough set analysis is notoriously sensitive to noisy

information, because a mistakenly labeled sample may deteri-

orate the quality of approximations significantly.

The variable precision rough set (VPRS) theory introduced

in [6], [23] is a main approach to improve the robustness

of rough set analysis. In VPRS, classification rules can be

induced even though not satisfied by all objects. It is only

required that the proportion of objects satisfying the rules

must be above a threshold called a precision level. The idea

of error-tolerance by variable precision has been applied to

fuzzy rough set theory [1], [2], [9]–[12], [18]. In this paper, we

extend the previous work on variable precision fuzzy rough set

(VPFRS) theory by using the notion of fuzzy cardinality. The

proportion of objects satisfying a rule is modeled as a relative

fuzzy cardinality in our approach. Because a fuzzy cardinality

may be a scalar, a fuzzy number, or a random variable, we

can induce three types of models depending on what kinds of

fuzzy cardinalities are taken as the precision levels.

The remainder of the paper is organized as follows. In

Section II and III, we review rough set theory and the notion

of fuzzy cardinality respectively. In Section IV, we introduce

three types of VPFRS models based on the relative cardinalities

of fuzzy sets. Section V contains some concluding remarks.

II. ROUGH SET THEORY

A. Classical rough set

The basic construct of rough set theory is an approximation

space, which is defined as a pair (U,R), where U is a finite

universe and R ⊆ U × U is an equivalence relation on U .

We write an equivalence class of R as [x]R if it contains

the element x. For any subset X of the universe, the lower

approximation and upper approximation of X are defined as

follows:

RX = {x ∈ U | ∀y((x, y) ∈ R → y ∈ X)}, (1)

RX = {x ∈ U | ∃y((x, y) ∈ R ∧ y ∈ X)}. (2)

This definition of rough set is called the logic-based definition

[1].

An alternative way to define rough sets is to use the rough

membership function [16]. Given an approximation space

(U,R) and a subset X ⊆ U , the rough membership function

νRX : U → [0, 1] is defined as

νRX(x) =
|[x]R ∩X|

|[x]R|
. (3)
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The value νRX(x) is interpreted as the degree that x belongs to

X in view of knowledge about x expressed by the indiscerni-

bility relation R or the degree to which the R-equivalence class

[x]R is included in the set X . Then, the lower approximation

and upper approximation of X are defined as follows:

RX = {x ∈ U | νRX(x) = 1}, (4)

RX = {x ∈ U | νRX(x) > 0}. (5)

This definition of rough set is called the frequency-based

definition [1].

Although an approximation space is an abstract framework

used to represent classification knowledge, it can easily be

derived from a concrete information system. Pawlak ( [15])

defined an information system1 as a tuple T = (U,A, {Vi |
i ∈ A}, {fi | i ∈ A}), where U is a nonempty finite set,

called the universe; A is a nonempty finite set of primitive

attributes; for each i ∈ A, Vi is the domain of values of i; and

for each i ∈ A, fi : U → Vi is a total function. In decision

analysis, we assume the set of attributes is partitioned into

{d} ∪ (A−{d}), where d is called the decision attribute, and

the remaining attributes in C = A− {d} are called condition

attributes. Given a subset of attributes B, the indiscernibility

relation with respect to B is defined as ind(B) = {(x, y) |
x, y ∈ U, fi(x) = fi(y)∀i ∈ B}. Obviously, for each B ⊆ A,

(U, ind(B)) is an approximation space.

B. Fuzzy rough set

In [5], it is shown that fuzzy sets and rough sets are

essentially different but complementary for the modeling of

uncertainty. Despite the essential difference between fuzzy

sets and rough sets, there are approaches to incorporate the

notion of fuzzy sets into rough set models [5]. One approach

is to consider the lower and upper approximations of a fuzzy

concept in an approximation space, which results in the rough

fuzzy set. The other approach is to consider the approximations

of a crisp or fuzzy concept in a fuzzy approximation space,

which is defined as a pair (U,R), where R is a fuzzy binary

relation on U , i.e., R : U × U → [0, 1]. This leads to the

fuzzy rough set. Let (U,R) be a fuzzy approximation space

and let X be a fuzzy subset of U with membership function

µX : U → [0, 1]. Then, RX,RX : U → [0, 1] are defined by

RX(x) = inf
y∈U

R(x, y) →⊗ µX(y), (6)

RF (x) = sup
y∈U

R(x, y)⊗ µX(y), (7)

where ⊗ : [0, 1]× [0, 1] → [0, 1] is a t-norm and →⊗: [0, 1]×
[0, 1] → [0, 1] is an implication with respect to ⊗. There are

several different definitions of implication functions →⊗ for

a given t-norm, including the S-implication defined by a →⊗

b = 1− (a⊗ (1− b)) and the R-implication defined by a →⊗

b = sup{c | a⊗ c ≤ b}.

1Also called knowledge representation systems, data tables, or attribute-
value systems

C. Variable precision rough set

By using the frequency-based definition of the rough set,

an object x belongs to the lower approximation of a set

X if its rough membership value is 1, i.e., x ∈ RX iff

νRX(x) = 1. However, the requirement seems overly strict

since in the noisy environment, it may be difficult to require

an R-equivalence class [x]R is totally included in a set X .

The purpose of variable precision rough set (VPRS) theory

is to address the issue by relaxing the strict requirement of

total inclusion to partial inclusion. Technically, this is achieved

by two parameters called precision levels. Let l and u be

real numbers such that 0 ≤ l < u ≤ 1. Then, the u-lower

approximation and the l-upper approximation of X are defined

as follows:

RuX = {x ∈ U | νRX(x) ≥ u}, (8)

RlX = {x ∈ U | νRX(x) > l}. (9)

III. FUZZY CARDINALITY

The cardinality of a fuzzy set is normally used to evaluate

fuzzy quantified sentences. For example, to evaluate the truth

degree of the sentence “Most students are young,” we have

to determine if the cardinality of the set of young students

satisfies the interpretation of the fuzzy quantifier “most.” In

applications, two kinds of cardinality are considered: absolute

cardinality, which measures the number of elements in a set;

and relative cardinality, which measures the percentage of

elements of one set (called the referential set) that are also

present in another set ( [4]). Since VPRS is concerned with

the percentage of elements in an object’s indiscernibility class

that are also in the approximated concept, relative cardinality

plays an important role in our analysis.

Several approaches for measuring the cardinality of a fuzzy

set have been proposed in the literature. The approaches, which

extend the classic approach in different ways, can be classified

into two categories: scalar cardinality approaches and fuzzy

cardinality approaches. The former measure the cardinality of

a fuzzy set by means of a scalar value, either an integer or

a real value; whereas the latter assume that the cardinality

of a fuzzy set is just another fuzzy set over the non-negative

numbers ( [4]). The most simple scalar cardinality of a fuzzy

set is its power (also called the Σ-count), which is defined as

the summation of the membership degrees of all elements (

[3]). Formally, for a given fuzzy subset F on the universe U ,

the Σ-count of F is defined as

Σ♯(F ) =
∑

x∈U

µF (x). (10)

The relative cardinality of a fuzzy set G with respect to another

fuzzy set F is then defined as ( [20]):

Σ♯(G/F ) =
Σ♯(F ∩G)

Σ♯(F )
. (11)

Subsequently, [21] proposed a fuzzy subset Z(F ) of N as the

measure of the absolute cardinality of a fuzzy set F such that
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the membership degree of a natural number k ∈ N in Z(F ) is

defined as

Z(F, k) = sup{α | |Fα| = k}, (12)

where Fα is the α-cut of F . In addition, a fuzzy multiset

Z(G/F ) over [0, 1] is introduced in ( [22]) to measure the

fuzzy relative cardinality of G with respect to F . The mem-

bership function of Z(G/F ), written in the standard integral

notation, is defined as

Z(G/F ) =
∑

α∈Λ(F )∪Λ(G)

α/
|Fα ∩Gα|

|Fα|
, (13)

where Λ(F ) and Λ(G) are the level sets of F and G re-

spectively, i.e., Λ(F ) = {µF (x) | x ∈ U}. Delgado et al.

[4] proposed a more compact representation of Z(G/F ) by

transforming the fuzzy multiset into a fuzzy subset of rational

numbers in [0, 1]. The representation is formulated as follows:

ES(G/F, q) = sup{α ∈ Λ(G/F ) |
|(F ∩G)α|

|Fα|
= q} (14)

for any q ∈ Q ∩ [0, 1], where Λ(G/F ) = Λ(F ∩G) ∪ Λ(G).
In the context of a finite universe U , Delgado et al. [4] pro-

posed a family of fuzzy measures E for absolute cardinalities

based on the evaluation of fuzzy logic sentences. To define the

measures, the possibility of a fuzzy set F containing at least

k elements is identified with the truth degree of the fuzzy

sentence ∃X ⊆ U(|X| = k ∧X ⊆ F ), which can be formally

defined as

L(F, k) =







1, if k = 0,
0, if k > |U |,
⊕

X⊆kU

⊗

x∈X µF (x), if 1 ≤ k ≤ |U |,
(15)

where X ⊆k U denotes that X is any k-element subset of

U . Then, the possibility that F contains exactly k elements is

formulated as follows:

E(F, k) = L(F, k)⊗ ¬L(F, k + 1), (16)

where ⊗ is any t-norm (not necessarily the same as that used

in the definition of L(F, k)), and ¬ stands for a fuzzy negation.

Each member of the family E is determined by the choice of s-

norm, t-norms and negation in (15) and (16). Using max and

min in (15) and standard negation as well as Lukasiewicz’s

t-norm max(0, a + b − 1) in (16), a probabilistic measure of

absolute cardinality ED defined as

ED(F, k) = αk − αk+1 (17)

is shown to be a member of the family E , where αk is the kth

largest value of the multiset {µF (x) | x ∈ U} for 1 ≤ k ≤ |U |,
α0 = 1, and αk = 0 when k > |U |. The relative version of

ED is also defined as

ER(G/F, q) =
∑

i:
|(F∩G)αi

|

|Fαi
|

=q

(αi − αi+1) (18)

for any q ∈ Q ∩ [0, 1], where αi is the ith largest value of

Λ(G/F ).

IV. VARIABLE PRECISION FUZZY ROUGH SET

The main feature of VPRS is to allow objects that partially

violate the indiscernibility principle. For example, if an object

belongs to the lower approximation of a set, it is not necessary

that all objects that are indiscernible with the object belong to

the target set. Instead, the only requirement for an object to

be included in the lower approximation of a target set is that

a sufficiently large portion of the object’s indiscernibility class

belongs to the target set. From the viewpoint of the logic-

based definition, this amounts to relax the universal quantifier

in (1) and strengthen the existential quantifier in (2) to a

proportional quantifier determined by u and l respectively. On

the other hand, in the frequency-based definition, the lower

approximation and the upper approximation of X correspond

to the 1-cut and strict 0-cut of the rough membership function

respectively2. Therefore, from the viewpoint of the frequency-

based definition, VPRS simply decreases the cutting point from

1 to u for the lower approximation and increases the cutting

point from 0 to l for the upper approximation.

Since the logic-based definition and frequency-based def-

inition are equivalent for classical rough set, the changes of

quantifiers or cutting points lead to the same VPRS model.

However, for the fuzzy rough set, the situation is quite differ-

ent. The definition of fuzzy rough approximations in (6) and

(7) is essentially a generalization of the logic-based definition

of the classical rough set. By using the notion of relative

cardinality, we can now present the frequency-based definition

of fuzzy rough set.

Let (U,R) be a fuzzy approximation space and let X be a

fuzzy subset of U with membership function µX : U → [0, 1].
Then, since R is a fuzzy relation, the indiscernibility class

of an object x is a fuzzy subset with membership function

R(x) : U → [0, 1] such that R(x)(y) = R(x, y) for every y ∈
U . Thus, we can define the fuzzy-rough membership function

νRX : U → [0, 1] as follows

νRX(x) = φ(X/R(x)), (19)

where φ may be any one of the relative cardinality Σ♯, ES,

or ER defined in Section III. Clearly, we can no longer define

R(X) and R(X) as cut sets of the fuzzy-rough membership

function as in the case of classical rough set. Hence, the

logic-based and frequency-based definitions of the fuzzy rough

set are not equivalent any more. Consequently, the VPFRS

models for these two kinds of fuzzy rough sets should be also

significantly different.

There have been several VPFRS models that are derived

from modifying the logic-based definition of the fuzzy rough

set [2], [9]–[12], [18]. However, the frequency-based approach

to VPFRS remains largely unexplored except the vaguely

quantified rough set (VQRS) approach [1]. The main idea

of VQRS is that the membership degree of an object in the

lower and upper approximations of a target set is determined

2Recall that the α-cut and the strict α-cut of a membership function ν :
U → [0, 1] are defined as {x ∈ U | ν(x) ≥ α} and {x ∈ U | ν(x) > α}
respectively.
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by applying fuzzy quantifiers, such as “most” and “some”,

to the object’s fuzzy-rough membership degree in the target

set. Nevertheless, the fuzzy-rough membership function used

in VQRS is simply the Σ♯ relative cardinality. Therefore, the

purpose of this paper is to investigate frequency-based VPFRS

models by using different fuzzy-rough membership functions.

In addition, we still use precision levels to define VPFRS

instead of the fuzzy quantifiers in VQRS. In this regard, we can

consider three kinds of generalizations of VPRS to VPFRS.
First, if the scalar precision levels l ∈ [0, 0.5] and u ∈

(0.5, 1] are given, then we use the relative Σ-count to measure

if an object satisfies the partial precision requirement. Thus,

the u-lower approximation and the l-upper approximation of

X are defined as subsets of U as follows:

Ru(X)(x) = {x ∈ U | Σ♯(X/R(x)) ≥ u}, (20)

Rl(X)(x) = {x ∈ U | Σ♯(X/R(x)) > l}. (21)

Second, if the precision levels are fuzzy numbers, then we

use the relative cardinality ES to measure an object’s fuzzy-

rough membership degree. Let l̃ : [0, 0.5] ∩ Q → [0, 1] and

ũ : (0.5, 1]∩Q → [0, 1] be two fuzzy numbers. Then, ũ-lower

approximation and the l̃-upper approximation of X are defined

as follows:

Rũ(X)(x) = π(ES(X/R(x)) ≥ ũ), (22)

Rl̃(X)(x) = π(ES(X/R(x)) > l̃), (23)

In the above definition, the relative cardinality ES is regarded

as a fuzzy number, and π(·) returns the possibility of the

comparison statement between two fuzzy numbers based on

the extension principle. For example, the possibility of a fuzzy

number l̃1 being greater than another fuzzy number l̃2 is

defined as π(l̃1 > l̃2) = supx1>x2
min(µl̃1

(x1), µl̃2
(x2)).

Third, if the precision levels are random variables, we

can use the relative cardinality ER to represent an object’s

fuzzy-rough membership degree. Let us overload the notation

ER(G/F ) to denote a [0, 1]∩Q-valued random variable whose

probability mass function is defined as Pr(ER(G/F ) = q) =
ER(G/F, q) for any fuzzy sets F and G, and let l̂ and û be

[0, 0.5] ∩ Q-valued and (0.5, 1] ∩ Q-valued random variables

respectively. Then, the û-lower approximation and the l̂-upper

approximation of X are defined as follows:

Rû(X)(x) = Pr(ER(X/R(x)) ≥ û), (24)

R
l̂
(X)(x) = Pr(ER(X/R(x)) > l̂). (25)

The three types of VPFRS models are called VPFRS1,

VPFRS2, and VPFRS3 respectively. As a scalar can be re-

garded as a single-point (possibility or probability) distribution,

all three types of models are applicable when the precision

level is a scalar. A typical application of VPFRS2 is when the

precision levels are given by linguistic terms. For example, it

may be required that the precision level is moderately high. On

the other hand, VPFRS3 may be applied when the precision

level is set as a sub-interval of (0.5, 1] ∩ Q. In this case, the

precision level is regarded as a uniform distribution on the

sub-interval, so it is actually a random variable.

V. CONCLUDING REMARKS

In this paper, we propose three types of frequency-based

VPFRS models to improve the robustness of the fuzzy rough

set. As rough set analysis is sensitive to noisy samples, VPRS

can avoid the problem by tolerating partially inconsistency

data. The transition from classical rough set theory to VPRS

can be achieved by generalizing the quantifiers in the logic-

based definition or by changing the cutting points of the rough

membership function. Although these two approaches result in

the same VPRS model due to the equivalence between logic-

based and frequency-based definitions of classical rough set,

the situation become radically different in the case of fuzzy

rough set. Since the logic-based definition of fuzzy rough set

can not be derived from the fuzzy-rough membership function,

the VPFRS models obtained from modifying the former should

be significantly different from those based on the latter. While

most existing VPFRS models adopt the modification of the

logic-based definition, the VQRS based on the fuzzy-rough

membership function is also shown to outperform the original

fuzzy rough set in a benchmark data set [1]. However, since

VQRS only consider the fuzzy-rough membership function

based on the relative Σ count, it does not utilize the full

potential of the notions of fuzzy cardinalities. It has been

also suggested that fuzzy numbers are more appropriate than

scalars as cardinalities of fuzzy sets [4]. Thus, our work

extends the VQRS model by using different types of relative

cardinalities to define the fuzzy-rough membership function.

This approach provides a greater flexibility to specify the

precision levels when the parameters of the VPFRS models

can not be determined precisely, since we allow the precision

levels to be scalars, linguistic terms, or random variables.
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