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Abstract—Manual segmentation of liver computerized tomog-
raphy (CT) images is very time consuming, so it is desired to
develop a computer-based approach for the analysis of liver
CT images that can precisely segment the liver without any
human intervention. This paper presents normalized cuts graph
partitioning approach for liver segmentation from CT images.
To evaluate the performance of the presented approach, we
present tests on different liver CT images. Experimental results
obtained show that the overall accuracy offered by the employed
normalized cuts technique is high compared to the well known
K-means segmentation approach.

I. INTRODUCTION

IMPROVING healthcare through anatomical knowledge

coupled with image processing techniques is considered a

direct outcome for development of computer-aided diagnosis

systems [1]. Computer-based systems for the analysis of com-

puterized tomography (CT) medical images have many advan-

tages over human interpreters, such as speed, large knowledge

base for diagnostic information, and non-sensitivity to fatigue

[2]. Organ segmentation is often the first step in computer-

aided diagnosis. Segmentation of abdominal organs, such as

the liver, kidneys, and spleen, from CT scan imagery has

been attracting a fair amount of research recently [1]. Image

segmentation is the process of partitioning a digital image into

multiple segments to simplify or change the representation of

an image into something that is more meaningful. Result of the

segmentation process is a set of segments that cover the entire

image or an extracted set of contours from the input image.

All pixels in the resulted regions are similar with respect

to some computed characteristics, such as color, intensity,

or texture. However, considering the same characteristics,

adjacent regions are significantly different [3].
Technologies such as magnetic resonance imaging (MRI),

computed tomography (CT), digital mammography, and other

imaging modalities provide an effective means for non-

invasively mapping the anatomy of a subject and have greatly

increased knowledge of normal and diseased anatomy for

medical research as a critical component in diagnosis and

treatment planning. With the increasing size and number of

medical images, the use of computers in facilitating their

processing and analysis has become necessary. Particularly,

image segmentation computer algorithms that are used for

the delineation of anatomical structures and other regions

of interest are a key component in assisting and automating

specific radiological tasks.

Image segmentation algorithms play a vital role in numerous

biomedical imaging application [4]. Segmentations methods

vary widely depending on different factors like the specific

application, imaging modality, and other factors [5]. Thus,

there is no single segmentation method that yields better re-

sults for every medical image. Graph partitioning methods can

effectively be used for image segmentation. In these methods,

the image is modeled as a weighted, undirected graph. Usually

a pixel or a group of pixels are associated with nodes and edge

weights define the dissimilarity between the neighborhood

pixels. The image is then partitioned according to a criterion

designed to model good clusters. Each partition of the nodes

(pixels) output from these algorithms are considered an object

segment in the image. Normalized cuts algorithm is one of the

popular graph partitioning algorithms [6].

This paper presents an approach for liver segmentation from

CT images based on the normalized cuts graph partitioning

algorithm. The normalized cuts algorithm models each pixel

in the image as a node in the graph and treats segmentation

as a graph partitioning problem. In normalized cuts algorithm,

the optimal solution of splitting points is easily computed by

solving a generalized eigenvalue problem.

A collection of clinical CT images with reference segmenta-

tions was provided to test the accuracy of the normalized cuts.

The remainder of this paper is organized as follows. Section

II an overview of the normalized cuts segmentation algorithm.

Section III presents experimental results. Finally, Section IV

addresses conclusions and discusses future work.
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II. NORMALIZED CUTS: PRELIMINARIES

In 1997, Shi and Malik [6] proposed the normalized cuts

algorithm for image segmentation problem, which is based on

Graph Theory [5]. Normalized cuts models the image into a

graph. It models each pixel of the image as a node in the graph

and set an edge between two nodes if there are similarities

between them. The normalized cuts is composed of two steps:

(1) similarity measurement and (2) normalized cuts process

[7]. The purpose of the first step is to compute the similarity

between pixels and this value is set as the weight on the edge.

In order to model all the similarities of an image, all pairs of

pixels will contain an edge, which means if an image contains

N pixels, there will be totally (N − 1)N/2 edges in the

corresponding graph. This kind of graph is called ”complete

graph” and needs a large memory space. To simplify the

problem, sometimes we set edges between two nodes only

when their distance is smaller than a specific threshold. For

example, in fig. 1, we show an example for modeling an image

into a graph.

(a) Original image (b) Segmented image

Fig. 1. An example for modeling an image into a graph

For the resulted connected graph, each pixel goes through

the edges to reach all other pixels. The term ”cut” means

eliminating a set of edges to make the graph ”unconnected”

and the cut value is the total weights on this set of edges.

For example, if we eliminate all the red edges in fig. 1,

then the nodes with white color will be ”unconnected” to the

nodes with dark color, and now we say the graph has been

separate into two connected graph (the outside dark group

and the inner white group). So, from the graph theory, the

image segmentation problem is modeled as graph cut problem.

But there are many kinds of cutting path we can adopt to

separate the image into two parts. The weights on edges

have the similarity meaning between pixels, so if we want to

separate two pixels into two different groups, their similarity

is expected to be small. Three kinds of cutting criteria have

been proposed in recent years: (a) minimum cut, (b) minimum

ratio cut, and (c) minimum normalized cuts. The normalized

cuts has been proved to maintain both high difference between

two segments and high similarities inside each segment.

A graph G = (V,E) can be partitioned into two disjoint

sets, A and B. The degree of dissimilarity between these two

pieces can be computed as shown in equation (1).

cut(A,B) =
∑

u∈A,v∈B

w(u, v) (1)

where w(u, v) is the similarity between node u and v. The

optimal bipartition of a graph is the one that minimizes this cut

value. Finding the minimum cut is a well-studied problem and

there are efficient algorithms proposed for solving it. However,

the minimum cut criteria favors cutting small sets of isolated

nodes in the graph, and gives bad partition in some cases. Shi

an Malik [6] proposed a new measure of disassociation that is

named the normalized cuts (Ncuts) and is calculated as shown

in equation (2).

Ncut(A,B) =
cut(A,B)

assoc(A, V )
+

cut(A,B)

assoc(B, V )′
(2)

where assoc(A, V ) =
∑

u∈A,t∈V w(u, t) is the total connec-

tion from nodes in A to all nodes in the graph and assoc(B, V )
is defined similarly.

Let d(i) =
∑

j w(i, j) be the total connection from the node

i to all other nodes. Moreover, let D be an N ×N diagonal

matrix with d on its diagonal. Also, let W be an N × N
symmetric matrix with W (i, j) = w(i, j). Then it turns out

that we can minimize Ncuts(A,B) by following equation (3).

min
A,B

Ncut(A,B) = min
y

yT (D −W )y

yTDy
(3)

If y (the value of the eigenvector) is relaxed to take real

values, then equation (3) can be minimized by solving the

generalized eigen value system, presented in equation (4),

where λ is a scalar eigenvalue.

(D −W )y = λDy (4)

Amazingly, the second smallest eigenvector y gives the

solution of the normalized cuts problem because the second

smallest is the real valued solution to the Ncuts problem [6].

Algorithm (1) shows steps of the normalized cuts segmentation

algorithm.

In algorithm (1), for step (3), there are several ways to

choose a splitting point, such as: Take 0, median and search

a splitting point which results in that Ncuts(A,B) is mini-

mized. The splitting point that minimizes Ncuts value also

minimizes:
yT (D −W )y

yTDy
(5)

where y = (1 + x)− b(1− x), b = k/(1− k), k =
∑

xi>0
di

∑
i
di

,

x is an N dimensional indicator vector, where xi = 1 if node

i is in A and xi= -1 otherwise.

III. EXPERIMENTAL RESULTS AND ANALYSIS

This section presents the simulated results for segmenting

liver CT medical images using normalized cuts segmentation

algorithm. The original images used in our experiments were

collected from the CT scans of patients’ Livers with general

intrinsic tissue variation. In this paper, we applied the normal-

ized cuts algorithm to gray-scaled images. The images size

was 431 × 339 . Examples for segmentation results for four

sample liver CT images are shown in fig. 2.
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Algorithm 1 Normalized cuts Segmentation Algorithm

1: Construct a weighted graph G = (V,E), compute the weight

of each edge (reflecting the likelihood that the two pixels

belong to one object), and construct D and W as:

Wij = exp
−||F (i)− F (j)||22

σ2
I

∗ L (6)

where

L =

{

exp
−||X(i)−X(j)||2

2

σ2
x

, if ||X(i)−X(j)||2 < r;

0, Otherwise.
(7)

where X(i) is the spatial location of node i (the coordinates

in the original image I) and F(i) is a feature vector

and Let di =
∑

j wij be the total connection from node i

to all other nodes. Construct an N x N diagonal matrix D

with d on its diagonal.

2: Solve a generalized eigen system, (D - W)y = λDy, and

get an eigenvector with the smallest eigenvalue.

3: Use the eigenvector with the smallest eigenvalue to bipar-

tition the graph. Therefore, a splitting point is needed to

be chosen. There are several ways for doing this, such as:

• Take 0

• Take median

• Search a splitting point, which results in that N-

cuts(A, B) is minimized.

The splitting point which minimizes N-cuts value also

minimizes the output value of equation (5)

yT (D −W )y

yTDy

4: REPEAT: (Bipartition recursively)

5: UNTIL:

• N-cuts value > a pre-specified threshold value

(Large N-cuts value means that there is no clear

partition point any more)

or

• The total number of nodes in the partition (area) <
a pre-specified threshold value.

6: STOP

In medical research, supervised evaluation is widely used.

It computes the difference between the ground truth and a

segmentation result using a given evaluation metric [8]. In this

paper, we used the manual segmentation to reflect the ground

truth [9]. Furthermore, we evaluated segmentation algorithms

by comparing the result from a segmented image against the

result from a manual segmented, which is often referred to

as a gold standard [10] or “ground truth.” The degree of

similarity between the manual segmented and machine seg-

mented images reflects the accuracy of the segmented image.

Betanzos in [11] defined an accuracy measure with multi types

of object. Suppose that an image contains N types of objects,

the accuracy measure is computed as shown in equation (8).

(a) (b) (c) (d)

Fig. 2. Normalized cuts segmented images results: (a) Original images,
(b) Normalized clustered cuts (c) Desired manual segmented region (d)
Normalized segmented results

TABLE I
RESULTS FOR NORMALIZED CUTS SEGMENTATION FOR 4 SAMPLES

S1 S2 S3 S4

Number of 11802 25629 17703 19494

desired

pixels for

ideal image

Number of 11049 24380 16459 23433

pixels for

segmented

image

Accuracy% 93.62% 94.04% 92.97% 83.19%

Accuracy =
N
∑

i=1

CSP

TNP
(8)

Where CSP is the correct segmented pixels in ith object

and TNP is the total number of pixels in ith object. The

accuracy measure that determines how far is the actually

segmented image from the manually segmented region by

expertise. Table I shows experimental results that highlight

segmentation accuracy, using normalized cuts algorithm, for

4 samples: (S1, S2, S3, and S4). It is based on the images

of the segmented regions, which represent the affected part

in the liver as shown in fig. 2. On the other hand, table II

presents segmentation accuracy using K-means segmentation

algorithm.

According to the fact that we are focusing on the region

of interest (ROI), which is the part that contains the tumor,

fig. 2 (c) and (d) show manually segmented (ROI) and
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TABLE II
RESULTS FOR K-MEANS SEGMENTATION FOR 4 SAMPLES

S1 S2 S3 S4

Number of 11802 25629 17703 19494

desired

pixels for

ideal image

Number of 10319 22494 16235 15002

pixels for

segmented

image

Accuracy% 87.44% 87.77% 91.71% 76.96%

Fig. 3. A comparison between K-means and Ncuts results

segmented part using normalized cuts for images 1, 2, 3,

and 4, respectively. As presented in table I and table II, for

image 1, the manually segmented part (ROI) with number of

pixels = 11802, the segmented part using normalized cuts with

number of pixels = 11049 resulted in segmentation accuracy=

93.62% and the segmented part using K-means with number

of pixels = 10319 resulted in segmentation accuracy= 87.44%.

For image 2, the manually segmented part (ROI) with number

of pixels = 25629, the segmented part using normalized cuts

with number of pixels = 24380 resulted in accuracy= 94.04 %

and the segmented part using K-means with number of pixels =

22494 resulted in segmentation accuracy= 87.77%. For image

3, the manually segmented part (ROI) with number of pixels =

17703, the segmented part using normalized cuts with number

of pixels = 16459 resulted in accuracy= 92.97% and the

segmented part using K-means with number of pixels = 16235

resulted in segmentation accuracy= 91.71%. Finally, for image

4, the manually segmented part (ROI) with number of pixels

= 19494, the segmented part using normalized cuts (Ncuts)

with number of pixels = 23433, with accuracy= 83.19% and

the segmented part using K-means with number of pixels =

15002 resulted in segmentation accuracy= 76.96%.

Fig. 3 depicts a comparison between the k-means and

Ncuts results according to the accuracy of performance.

This concludes that the Ncuts has obtained higher average

accuracy (90.96%) compared to the k-means results, which

is (in average) 85.97%. Therefor, the Ncuts has proved its

efficiency and its competency according to the accuracy mea-

sure.

IV. CONCLUSIONS AND FUTURE WORKS

This paper presents an approach for liver segmentation from

CT images based on the normalized cuts segmentation algo-

rithm. All results were obtained using two measures that high-

light segmentation accuracy to asses strength of normalized

cuts algorithm for segmenting the affected part in the liver.The

two measures are time complexity and segmentation accuracy.

In general, normalized cuts algorithm reached high accuracy,

however with the cost of high time complexity. According to

our experiments the method can efficiently segment the liver

in many cases, however, it is still recommended to use more

features, additional to the color feature used in this paper, such

as shape and texture. Currently, our future work is dedicated to

use the multi-objective concept via adding more features to ap-

ply other segmentation approaches such as k-means clustering

algorithm for various medical images. Moreover, computer-

assisted reading of medical images is a relatively new concept,

which has been developed during the last 10 years and which is

growing into diagnostic radiology. Especially in liver fibrosis,

image processing techniques was applied to assist radiologists

in the interpretation of liver fibrosis. Accordingly, we are

planning to investigate an intelligent diagnosis system for

diagnosing features derived from the computer tomography

images of liver in Chronic Hepatitis C.
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