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Abstract—The purpose of this article is to consider a special
class of combinatorial problems, the so called Prouhet-Tarry-
Escot problem, solution of which is realized by constructing finite
sequences of ±1. For example, for fixed p ∈ N, is well known the
existence of np ∈ N with the property: any set of np consecutive

integers can be divided into 2 sets, with equal sums of its p
th-

powers. The considered property remains valid also for sets of
finite arithmetic progressions of complex numbers.

I. MORSE SEQUENCE

FOR every positive integer m, let us denote with ϑ(m)
and ̺(m) respectively the number of occurences of digit

1 in the binary representation of m, and the position of first

digit 1 in the binary representation of m. The Morse sequence

{am}∞m=1 ([1], [4]) is defined by

am = (−1)ϑ(m)+̺(m)−2.

The following properties are derived directly:

a2k = (−1)k

a2k+l = −al for l = 1, 2 . . . , 2k.

The problem of finding a number np, such that the set

Anp
= {1, 2, . . . , np} is represented as disjoint union of two

subsets, say B and C, with the property:

∑

b∈B

bp =
∑

c∈C

cp,

is solved by the sequence {am}∞m=1. Elementary proof is given

below1 and np = 2p+1 has the desired property, with

B = {m ∈ Anp
: am = 1},

C = Anp
\B = {m ∈ Anp

: am = −1}.

This result can be generalized to arbitrary arithmetic pro-

gressions of complex numbers. As example, if a, d ∈ C, d 6= 0
and Anp

= {a+ kd : k = 0, 1, . . . , np − 1}, then np = 2p+1

and B = {a+ kd ∈ Anp
: ak+1 = 1}.

1Similar solutions and generalizations of the Prouhet-Tarry-Escot problem
are considered in [2], [3], [5], [6], [8]

II. FORMULATION OF THE MAIN RESULTS

Let us define {Hn,m(z)}∞n,m=1, by

Hn,m(z) =

∞
∑

l=n

2l
∑

k=1

ak (P (z) + k.Q(z))
m
,

where P,Q ∈ C[z] are complex polynomials.

Proposition 1: If m = 0, 1, . . . , n−1 then Hn,m ≡ 0, while

if n is even number the following equality is satisfied

Hn,n(z) = n!2
n2

−n
2 Qn(z).

Proposition 2: Let n ∈ N be a even number and

α1, α2, . . . , αn are complex numbers, then

2n
∑

k=1

ak(α1 + k)(α2 + k) · · · (αn + k) = n!2
n2

−n
2 .

Proposition 3: If P ∈ C[z] is a complex polynomial, then

21+deg P

∑

k=1

akP (k) = 0.

Proposition 4: Let p and k be positive integers. Then

there exist n ∈ N, n ≤ 2p⌈log2 k⌉ and distinct square-free

positive integers xij , i = 1, 2, . . . , k; j = 1, 2, . . . , n with the

property:

n
∑

j=1

xr
1j =

n
∑

j=1

xr
2j = · · · =

n
∑

j=1

xr
kj , ∀r = 1, 2, . . . , p.

Let {bi}
∞
i=0 and {di}

∞
i=0 be arbitrary sequences of complex

numbers. Let γn and Γn be the sets:

γm = {bm + kdm : k ∈ Z} and

Γn = γ1γ2 . . . γn = {
n
∏

i=1

(bi + kdi) : k ∈ Z }.

Proposition 5: Let n and m be positve integers. Then

there exists an integer s = s(n,m) with the property: every

s−element subset of Γn, where k runs through s consequtive

integers, can be represented as disjoint union of m subsets,

with equal sums of the elements in each one.

The proof of each of the formulated above propositions,

with the exception for 5, is based on the following lemma:
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Lemma 1: Set a, d ∈ C, d 6= 0, p ∈ N and A2p+1 = {a+
kd : k = 0, 1, . . . , 2p+1 − 1}. Then there are sets B ∩C = ∅,

B ∪ C = A2p+1 such that
∑

b∈B

bp =
∑

c∈C

cp.

Corollary 1: Under assumptions of lemma 1, it holds
∑

b∈B

br =
∑

c∈C

cr, r = 0, 1, . . . , p.

To prove lemma 1 and its consequence, we define a se-

quence of polynomials: {Ts,p(z)}
∞
s=0, through which we will

gradually calculate the differences between the sums of equal

powers of the elements in B = {a+kd ∈ A2p+1 : ak+1 = 1}
and C = {a+ kd ∈ A2p+1 : ak+1 = −1}. For s ≥ 0 set

Ts,p(z) =
4s+1−1
∑

k=0

ak+1(z + kd)p

and we calculate

Ts,p(z) =

∑

0≤k≤4s+1−1;ak+1=1

(z+kd)p−
∑

0≤k≤4s+1−1; ak+1=−1

(z+kd)p.

When s ≤ p−1
2 , set z = a to obtain

Ts,p(a) =
∑

b≤a+(4s+1−1)d

bp −
∑

c≤a+(4s+1−1)d

cp,

where summation is by b ∈ B, c ∈ C.

Set p = 2m+ r, r ∈ {0, 1}. Here and everywhere below the

summations are performed on all b ∈ B and c ∈ C, which

satisfy the corresponding inequalities.

When r = 1 we obtain

Tm,p(a) =
∑

b≤a+(4m+1−1)d

bp −
∑

c≤a+(4m+1−1)d

cp

=
∑

b≤a+(2p+1−1)d

bp −
∑

c≤a+(2p+1−1)d

cp

=
∑

b∈B

bp −
∑

c∈C

cp.

When r = 0:

Tm−1,p(a) =
∑

b≤a+(22m−1)d

bp −
∑

c≤a+(22m−1)d

cp

=
∑

b≤a+(2p−1)d

bp −
∑

c≤a+(2p−1)d

cp.

On the other hand
∑

a+2pd≤b≤a+(2p+1−1)d

bp −
∑

a+2pd≤c≤a+(2p−1)d

cp

=
∑

2p≤m≤2p+1−1

am+1(a+md)p

=
2p−1
∑

k=0

a2p+k+1 (a+ (2p + k)d)
p

= −
2p−1
∑

k=0

ak+1 (a+ (2p + k)d)
p

= −
2p−1
∑

k=0

ak+1 ((a+ 2pd) + kd)
p
=

= −
22m−1
∑

k=0

ak+1 ((a+ 2pd) + kd)
p

= −Tm−1,p(a+ 2pd).

Therefore, for p = 2m we obtain
∑

b∈B

bp −
∑

c∈C

cp =

Tm−1,p(a)− Tm−1,p(a+ 2pd).

Summarized:
∑

b∈B

bp −
∑

c∈C

cp =

{

Tm,p(a), for p = 2m+ 1
Tm−1,p(a)− Tm−1,p(a+ 2pd), for p = 2m

III. PROOF OF THE MAIN RESULTS

Lemma 1 follows directly from :

Proposition 6:

Tm−1,p(z) =

{

0, when p = 2m− 1

p!2
p2−p

2 dp, when p = 2m

Proof 1: Let us determine the polynomials {Ts,p(z)}
∞
s=0 by

finding recurrent formula. Since a1 = a4 = 1, a2 = a3 = −1,

then

T0,p(z) = (z + 3d)p − (z + 2d)p − (z + d)p + zp.

We will prove that for all s ≥ 1 is valid

Ts,p(z) = Ts−1,p(z + 3.4sd)− Ts−1,p(z + 2.4sd)

−Ts−1,p(z + 4sd) + Ts−1,p(z).

For example, if s = 1 then:

T1,p(z) =
15
∑

k=0

ak+1(z + kd)p

=

3
∑

k=0

ak+1(z + kd)p +
7
∑

k=4

ak+1(z + kd)p

+
11
∑

k=8

ak+1(z + kd)p +
15
∑

k=12

ak+1(z + kd)p

= T0,p(z) +

3
∑

m=0

a22+m+1((z + 4d) +md)p
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+
3
∑

m=0

a23+m+1((z + 2.4d) +md)p

+
3
∑

m=0

a23+22+m+1((z + 3.4d) +md)p

= T0,p(z)−
3
∑

m=0

am+1((z + 4d) +md)p

−
3
∑

m=0

am+1((z + 2.4d) +md)p

+
3
∑

m=0

am+1((z + 3.4d) +md)p

= T0,p(z)− T0,p(z + 4d)

−T0,p(z + 2.4d) + T0,p(z + 3.4d).

The proof is similar in the general case:

Ts,p(z) =
4s+1−1
∑

k=0

ak+1(z + kd)p

=

4s−1
∑

k=0

ak+1(z + kd)p +

2.4s−1
∑

k=4s

ak+1(z + kd)p

+
3.4s−1
∑

k=2.4s

ak+1(z + kd)p +
4s+1−1
∑

k=3.4s

ak+1(z + kd)p

= Ts−1,p(z) +

4s−1
∑

m=0

a4s+m+1((z + 4sd) +md)p

+

4s−1
∑

m=0

a2.4s+m+1((z + 2.4sd) +md)p

+
4s−1
∑

m=0

a3.4s+m+1((z + 3.4sd) +md)p

= Ts−1,p(z + 3.4sd)− Ts−1,p(z + 2.4sd)

−Ts−1,p(z + 4sd) + Ts−1,p(z),

whence the necessary recurrent formula is established.

In the case 1 ≤ s ≤
[

p
2

]

− 1, we prove that Ts,p(z) has the

type:

Ts,p(z) =

p−2
∑

i1=2s

i1−2
∑

i2=2(s−1)

i2−2
∑

i3=2(s−2)

· · ·

· · ·
is−2
∑

is+1=0

(

p

i1

)(

i1
i2

)(

i2
i3

)

· · ·
(

is
is+1

)

dp−is+1Ls,pz
is+1 ,

where

Ls,p = (3p−i1 − 2p−i1 − 1)(3i1−i2 − 2i1−i2 − 1) · · ·

· · · (3is−is+1 − 2is−is+1 − 1)4i1+i2+···+is−sis+1 .

Indeed, when s = 0 follows:

T0,p(z) = (z + 3d)p − (z + 2d)p − (z + d)p + zp

=

p−2
∑

i1=0

(

p

i1

)

(3p−i1 − 2p−i1 − 1)dp−i1zi1 .

Direct calculation for T1,p gives

T1,p(z) = T0,p(z)− T0,p(z + 4d)

−T0,p(z + 2.4d) + T0,p(z + 3.4d)

=

p−2
∑

i1=0

(

p

i1

)

(3p−i1 − 2p−i1 − 1)dp−i1

(

(z + 12d)i1 − (z + 8d)i1 − (z + 4d)i1 + zi1
)

=

p−2
∑

i1=2

(

p

i1

)

(3p−i1 − 2p−i1 − 1)dp−i1

(

(z + 12d)i1 − (z + 8d)i1 − (z + 4d)i1 + zi1
)

=

p−2
∑

i1=2

(

p

i1

)

(3p−i1 − 2p−i1 − 1)dp−i1

(

zi1 +

i1
∑

i2=0

(

i1
i2

)

(3i1−i2 − 2i1−i2 − 1)(4d)i1−i2zi2

)

=

p−2
∑

i1=2

(

p

i1

)

(3p−i1 − 2p−i1 − 1)dp−i1

(

i1−2
∑

i2=0

(

i1
i2

)

(3i1−i2 − 2i1−i2 − 1)(4d)i1−i2zi2

)

=

=

p−2
∑

i1=2

i1−2
∑

i2=0

(

p

i1

)(

i1
i2

)

(3p−i1 − 2p−i1 − 1)

(3i1−i2 − 2i1−i2 − 1)4i1−i2dp−i2zi2 =

=

p−2
∑

i1=2

i1−2
∑

i2=0

(

p

i1

)(

i1
i2

)

dp−i2L1,pz
i2 ,

hence the assertion is established for s = 1. Suppose that

for some s ≥ 2, Ts−1,p(z) satisfies the recurent formula and

denote

G
s,p
i1,i2,...,is+1

=
(

p

i1

)(

i1
i2

)(

i2
i3

)

· · ·
(

is
is+1

)

dp−is+1Ls,p,

for s ≥ 1. Direct calculation shows:

Ts,p(z) = Ts−1,p(z + 3.4sd)− Ts−1,p(z + 2.4sd)

−Ts−1,p(z + 4sd) + Ts−1,p(z)

=

p−2
∑

i1=2(s−1)

i1−2
∑

i2=2(s−2)

i2−2
∑

i3=2(s−3)

· · ·

is−1−2
∑

is=0

G
s−1,p
i1,i2,...,is
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((z + 3.4sd)is − (z + 2.4sd)is − (z + 4sd)is + zis)

=

p−2
∑

i1=2(s−1)

i1−2
∑

i2=2(s−2)

· · ·

is−1−2
∑

is=0

G
s−1,p
i1,i2,...,is

[zis +

is
∑

is+1=0

(

is
is+1

)

(3is−is+1 − 2is−is+1 − 1)

4s(is−is+1)dis−is+1zis+1 ]

=

p−2
∑

i1=2s

i1−2
∑

i2=2(s−1)

· · ·

is−1−2
∑

is=2

G
s−1,p
i1,i2,...,is

is−2
∑

is+1=0

(

is
is+1

)

(3is−is+1 − 2is−is+1 − 1)4s(is−is+1)dis−is+1zis+1

=

p−2
∑

i1=2s

i1−2
∑

i2=2(s−1)

· · ·

is−1−2
∑

is=2

is−2
∑

is+1=0

G
s−1,p
i1,i2,...,is

(

is
is+1

)

(3is−is+1 − 2is−is+1 − 1)4s(is−is+1)dis−is+1zis+1

=

p−2
∑

i1=2s

i1−2
∑

i2=2(s−1)

· · ·

is−1−2
∑

is=2

is−2
∑

is+1=0

G
s,p
i1,i2,...,is+1

zis+1 ,

which prove that Ts,p(z) satisfies the recurrent formula.

Let us determine the degree of Ts,p(z), s ≥ 0. According to

the derived formula we find is+1 ≤ is−2 ≤ is−1−4 ≤ · · · ≤
i1 − 2s ≤ p − 2(s + 1), as equality is reached everywhere.

Therefore deg Ts,p(z) = p − 2(s + 1). If p = 2m + r, r ∈
{0, 1}, then

deg Tm−1,p(z) = p− 2m = r.

For r = 0 we obtain that Tm−1,p(z) is a constant, equal to

p!2
p2−p

2 dp. Indeed

Tm−1,p(z) =

=

p−2
∑

i1=2(m−1)

i1−2
∑

i2=2(m−2)

· · ·

im−2−2
∑

im−1=2

im−1−2
∑

im=0

G
m−1,p
i1,i2,...,is+1

zim

=

2(m−1)
∑

i1=2(m−1)

2(m−2)
∑

i2=2(m−2)

· · ·
2
∑

im−1=2

0
∑

im=0

G
m−1,p
i1,i2,...,is+1

zim

= G
m−1,p
p−2,p−4,p−6...,2,0

=
(

p

p− 2

)(

p− 2
p− 4

)

· · ·
(

4
2

)(

2
0

)

dpLm−1,p

=
p!dp

2m
Lm−1,p = p!2

p2−p

2 dp =⇒

=⇒ Tm−1,p(z) = p!2
p2−p

2 dp, for p = 2m.

In the case r = 1, we will prove that Tm,p(z) = 0:

Tm,p(z) =

= Tm−1,p(z + 3.4md)− Tm−1,p(z + 2.4md)−

Tm−1,p(z + 4md) + Tm−1,p(z)

=

p−2
∑

i1=2(m−1)

i1−2
∑

i2=2(m−2)

· · ·

im−1−2
∑

im=0

G
m−1,p
i1,i2,...,im

((z + 3.4md)im − (z + 2.4md)im − (z + 4md)im + zim) = 0,

and the above equality is valid, since the summation index

im takes values 0 and 1. Thus the proposition 6 is proved.

Proofs of propositions 1,2,3,4,5 will be presented in [7].
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